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Abstract: The generalized inversion of the block Toeplitz-plus-Hankel matrix
has been obtained. It allows to find the inverse (one-sided inverse) matrix of the
block Toeplitz-plus-Hankel matrix provided that the this matrix is invertible
(one-sided invertible).
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1. Introduction

In many applications, e.g. digital signal processing, discrete inverse scatter-
ing, linear prediction etc., Toeplitz-plus-Hankel (7" + H) matrices need to be
inverted. (For further applications see [1] and references therein).

Firstly the T'+ H matrix inversion problem has been solved in [2] where it
was reduced to the inversion problem of the block Toeplitz matrix (the so-called
mosaic matrix). The drawback of the method is that it does not work for any
invertible 7'+ H matrix since it requires also invertibility of the corresponding
T — H matrix. Later on the drawback was put out [3], moreover, the inversion
problem was solved for the block T'4+ H matrix [4], [5].
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Our goal is to restore the method of [2] in order to get the generalized
inversion for the block 7'+ H matrix. To do it we will need the generalized
inversion for the block Toeplitz matrix which has been already found in, e.g.
[6]. It is shown in the present paper that there is no need for ' — H matrix
to be inverted: if the 7'+ H matrix is invertible than the obtained generalized
inverse matrix proves to be its inverse matrix.

2. The Basic Definitions and Notations

Let T+ H = ||aj—j + bitj|i=o0,...n, , ak, b € CP*4, be the block Toeplitz-plus-

7=0,...,m,
Hankel matrix.
Denote a”,,(2) = a_mz ™™ + ... +ag + ... + ap2", by (2) = by + b1z +

oo+ bppm2™™ and introduce an auxiliary matrix function

A(z) = ( S Co I Cay )

a, (2) z_mbg+m(z)

Obviously, A(2) = > A;27, with A; € C%*2¢ and

j=—m
_ bnj Gnom—j
4= ( aj  bjym > ' M
Thus, A(z) is the generating function for the sequence of matrices A_,,, ...,
Ao, ..., Ap.
Further we will need the generalized inversion for the block Toeplitz matrix
Ta = ||Ai—jlli=0,....n, which has been found in [6]. In order to use this result

ji 7"'7m7
we should introduce the definitions of essential indices and polynomials of the
sequence A_,,, ..., Ag,..., An.
We include the matrix T4 = T} into the family of the block Toeplitz matrices

Ty = ||Ai—j+klli=0,..n—k, » —m < k < n. The matrices T}, are of the same
§=0,...;m+k,
structure and it is reasonable that they should be examined together.

We are interested in right kernels of Tj. For the sake of convenience let
us pass from the spaces kery T}, to the isomorphic spaces N, of generating
polynomials. To do this we define the operator o acting from the space of
rational matrix functions R(z) = 377 rjzd,r; € C?9%! to the space C?P*!
according to o {R(2)} = 0L, A_jr;.

By NJf,k = —m,...,n, we denote the space of vector polynomials R(z) =
Zl?igl rizd,r; € C?*1 such that op {z*ZR(z)} =0,i=kk+1,...,n. N is

J
evident to be isomorphic to kerg 1.
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It is convenient to put N% _, =0 and denote by N, | the 2(n 4+ m + 2)q-
dimensional space of all vector polynomials in z with formal degree n +m + 1.

Similarly, one may define spaces N} which are isomorphic to ker; T. We
denote ker;, A = {y | yA = 0}.

Let us put also @« = dim N% | and w = dim N}*. The sequence A_,,,..., A,
is called left (right) regular if « = 0 (w = 0). Otherwise, the sequence is not
regular and a(w) is its left (right) defect. The sequence is called regular if
a=w = 0. It is evident that a < 2¢q, w < 2p for the nonzero sequence.

Denote df = dim N, A = di—dj_|, k= —m,...,n+1. For any sequence
A_p,, ..., A, the following inequalities hold [6]:

a=A% <A < <AF<SAR =2p+q) —w.

It means that there are 2(p+q) —a—w integers po < pat1 < oo < Ha(prg)—a—ws
satisfying equations

R _ _ R _
AR = ... = A =

R _ _ R —
Auﬂrl - T AMH =5 (2)

52(p+q)—w+1 = Aﬁ-f—l = 2(}9 + Q) - w.

If the ith row in (2) is absent, we assume p; = p;1+1. Let us put also g = ... =
po =—m —1if a# 0 and poptq)—wi1 = -+ = fo(prq) if w # 0.

Thus, for any sequence A_,,,...,A,, there is a set of 2(p + ¢q) integers,
satisfying (2), which will be called indices of the sequence.

Let us define the right essential polynomials. It follows from the definition of
N that N} and 2! are the subspaces of N}, |, k = —m—1,...,n, moreover,
NEN2NE = N Then NF = (N + 2N © Hi,, where Hl,, is the
complement of N'+2 N to the whole N}, |. Obviously, dim H;{, | = A7 —AJ.
Hence dim H}, ; # 0 iff & = p;. In this case dim H} | is equal to the multiplicity
k; of the index p;.

Definition 1. If a # 0 then any vector polynomials Ri(z),..., Ra(2)
forming the basis of N%  will be called right essential polynomials of the se-
quence A_,, ..., Ag, ..., A,. They correspond to the index p1 = —m — 1 with
the multiplicity .

Any vector polynomials R;(z),..., Rji;—1(2) forming the basis for H;
will be called right essential polynomials of the sequence A_,,, ..., Ag, ..., A,.
They correspond to the index j1; with the multiplicity k;, a+1 < j < 2(p+q)—w.
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Similarly, one may define the left essential polynomials.

There are 2(p + q) — w right and 2(p + ¢q) — « left essential polynomials of
the sequence A_,,,..., A,. There is a lack of essential polynomials if o # 0
or w # 0. But we can always complement the number of right (if p < ¢) or
left (if p > ¢) essential polynomials to 2(p + ¢). (The complement procedure is
described in [6]).

For definiteness sake, we will suppose that we have got the full set of 2(p+¢q)
right essential polinomials, i.e. either w =0 or p <gq.

The set of the left essential polynomials could always be recovered with the
help of the so-called conformation procedure of the right and left essential poly-
nomials. Let us describe how for the given set of the right essential polynomials
Ri(2), ..., Rogpiq)(2), Rj(2) € C*1*![2] one can construct the conforming left
essential polynomials L1(2), ..., Lagpiqe)(2), Lj(2) € CHx2[z].

We introduce the matrix R(z) = (R1(z) ... Ry(p1q)(2)) of the right essential
polynomials and find the matrix polynomial a_(z) from the decomposition
A(2)R(2) = a_(2)d(2)— 2", (2), where d(z) = diag [z, ..., 2H20+0] | B, (2)
(a—(2)) is the matrix polynomial in z (271) of the size 2p x 2(p + q).

Denote R_(2) = 2 ™ 'R (2)d1(2). Let U_(2) = ( Z'_((j)) > be the matrix
polynomial in z=1. The polynomial U_(z) is shown in [6] to be unimodular, i.e.
its determinant is equal to a constant. We pick the 2(p + ¢) x 2p block L(z)
out UZ'(2) = (* L(z) ).

Ly(2)
The matrix polynomial £(z) = : turns out to be the matrix
Lopq)(2)
of the conforming left essential polynomials.

The case when a@ = 0 or p > ¢ may be considered in a similar manner with
help of the left essential polynomials.

Now we may present the formula (5.13) from [6] for the generalized inverse
of TA:

Ro ... O Lo ... L_,
Ti=| ¢ o |m| oo | (3)
Rm .- Ro 0 ... Lo

Here R, € C2<2+a) [, ¢ C2(P+9)*2 are the coefficients of the matrix poly-
nomials R(z), £(z), respectively, and R;(z), L;(z) are the conforming right and
left essential polynomials of the sequence A_,,, ..., Ag, ..., A,. The generalized
inversion for matrix A is meant to be the matrix A such that AATA = A.
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The matrix II is constructed in a following way. Let Aq,..., A, be the
distinct essential indices of the sequence A_,,, ..., Ag,..., A, and let vq,..., v,
be their multiplicities (1 + ... + v, = 2(p + ¢q)). Then II = |[IL;_;||i=o,....m,-

j:O7"'7n7
Here Iy = 0 for —n <k <m, k# =A1,..., =\, Iy, = Hagél-kH?(,fif),

Ej: 1, ’L.:Vl—i—-..—|—1/j_1+1’,..’1/1_|_...+Vj’
‘ 0, otherwise.

For the generalized inversion of the 7"+ H matrix it will be useful to
R}(2) 1,2
] ‘7
R?(z) . Here R;™ €
C7*![z]. In similar way we partition the left essential polynomials: L;(z) =
(Li(z) IL2(2) ), with L}* € C¥P[z].
Then the matrix of these essential polynomials may be represented as:

partition the right essential polynomials R;(z) = (

RG) = () ) L0 =(£6) £6)), @

with RV2(2) € Cax2p+a), LM2(2) € C2(p+a)xp,

3. The Generalized Inversion

In the section we will present our main result. Let us denote

Ry ... 0 oo,
Rl ... R} 0 ... L}

where Ri;(ﬁi) are the coefficients of the polynomials R’(L£7). We also put
Hp, =JTR,, He, =T, J.

Theorem 1. The generalized inverses of the T+ H and T — H matrices
are found by the formulas:

(T+ H)' = = (Tg, + Hg,) (T, + Hy,). (5)

1
2

If T + H is invertible (one-sided invertible), then (T + H)' is its inverse
(one-sided inverse) matrix.
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Proof. Let us construct the generalized inversion to T4 = T according to
formula (3). We are going to pass from block Toeplitz matrix 74 to the mosaic

matrix
bn bn+m Gp—m Gnp,
bn—1 anrmfl (p—m—1 (n—1

b b a_ a

MA _ 0 m m 0
a A_m bm b()
ay a_m41 bmt1 b1
Aan, an—m anrm by,

At first, according to the block structure of A; (1), we partition each block
column X; of the matrix T4 into two block columns X }, X? with sizes 2p(n+1) x

g X; = ( X jl X ]2 ) . Then permute new block columns in T4 and construct

the matrix
1 1 2 2
(X} ... x., X} X2)
bn bn-‘rl bn+m An—m an—m+1 - -- Qn
agn a_1 aA_m bm bm,1 e bo
bn—1 bn bnym—1 An—m—1 Ap—m an—1
— ay agp a_m41 b1 bin oo b
b() b1 bm a_m A—_m+1 e ap
Gp  Ap-—1 Ap—m bntm bntm-1 ... by,

This matrix is evident to be obtained by multiplying T4 on a permutation
matrix P». Then we will do the analogous permutation with block rows in T4 Ps.
As a result, we will get the matrix PyT4 P>, where P; is a permutation matrix.
The matrix P;T4 P, coincides with M4 = PT4P>. Thus we have passed from
the block Toeplitz matrix T4 to the mosaic matrix M 4.

Since for a permutation matrix P the equality P! = P! holds, we get
the generalized inversion for M4 : Mi‘ = PiT IZPf. Let us specify the structure
of factors in this product. The operations which P, has done with the block
columns of Ty, the matrix P{ now will carry out with the block rows of the
Ro ... 0

matrix

Rm .. Ro
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Thus
RS 0
Ro 0
ol RS ( TR1>
2 : RE 0 “\Tr, )’
R Ro ) )
R2, . R3

where R are the coefficients of the matrix polynomials R"?(z), presented in

(4).

Similarly, we have

Lo ... L_p
SR 5
0 ... Lo
cy ...oct, oo,
= : - o =( Tz Tg,)
0 ... Ly 0 ... [}
Then

T
MI‘:<TZ )H(Tﬁl Tz, ).

Let us apply now the well-known method [2] of reducing the mosaic matrix
My to the block-diagonal matrix formed from the Toeplitz-plus-Hankel and
Toeplitz-minus-Hankel matrices:

o LT T+H 0 I J
A=9\1 -1 0 T-—H -1 J )

1 1 J v (J
G_§(—I J>MA(I —I>

II( T, T, T, T,
2 —TR1+JTR2) (Terd + T, Terd —Try )

is the generalized inversion for the matrix

T+H 0
0 T—-H )
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Gi1 Giz
Ga1 G2
G = 3 (Tr, + Hr,) I (T, + He, ), is the generalized inverses to 7'+ H and
Go = 4 (Tr, — Hr,) 1 (T, — Hp,) is the generalized inverses to 7' — H.

The theorem statement concerning the invertibility (one-sided invertibility)
is evident. The theorem has been proved. O

Let G = < > , where G;; € CmH1ax(+1p Tt ig easy to get that

Given T'+ H matrices are block matrices with the sizes of their blocks p X q.
The factors in the inverse formulas (5) have blocks with sizes ¢ x 2(p + ¢q),
2(p+q) x p. The compact form of the generalized inversion is in many respects
because of such factors sizes. Sometimes it is convenient to have a formula for
the generalized inversion where factors have blocks with sizes ¢ X ¢, q X p,p X p.

In order to obtain it we partition R(z) and L£(z) into blocks:

L1 L2
Rii Ri2 Riz Ru Lo1 Lo

R(z) = CL(z) =
() <R21 Raz Ras R24) () L31 L3z
La1 La

Here R;; have the sizes ¢ x ¢ for 4,5 = 1,2, and ¢ x p for i = 1,2, j = 3,4
and L;; have the sizes ¢ x p for 4,5 = 1,2, and p x p for i = 3,4,57 = 1,2.
Let us also partition D = diag[z#! ... 2M20t0] = (dy dy d3 dy), where d; 5 are
diagonal matrices with the sizes ¢ X ¢ and d3 4 are ones with the sizes p x p. For
1,7 =1,...,4 denote

RI .0 ci oo
TRij: y Ty =
iR 0 ... L¥

Then it is easy to see that

4 4
1
(T+H) = 3 > Try,miTr, + Y  Hg,miHe,
st =1

4 4
+ Z TryymjHe; + Z HroyymiTes, ||
j=1 j=1

where we denote T, rJ = H; r and m; are the matrices constructed by d; with
the same manner as II by d.
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