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1. Introduction

Let p and g be real numbers such that p? + 4q # 0. Define the generalized Fibonacci sequence {U,(p,q)}, briefly {U,}, and
Lucas sequence {V,(p,q)}, briefly {V,}, as shown: for n > 1

Un(p.q) = pU,1(P,9) + qU,_» (P, 9),
Vap,q@) =pV,i(p,9) + 9V, 2(p. q),
where Uy =0, U; =1, and, Vo = 2, V; = p, respectively. The Binet formulae for {U,} and {V,} are

n__on
Un:“a Fand vy—on4pn,

where o, 8 = (p + \/p? + 4q)/2. Here note that U,(1,1) = F, (nth Fibonacci Number), V,(1,1) = L, (nth Lucas number) and
Un(2,1) = P, (nth Pell number).

Ohtsuka and Nakamura [5] introduced and computed the following partial infinite sums including reciprocal Fibonacci
numbers:

i 1 -1 - {FH if nis evenand n > 2, 1)

£~ Fy ~ |Fi2—1 ifnisoddandn > 1
and
i 1\ B {F,HF,. —1 ifnisevenandn > 2,
F | FaiFy if nisodd and n > 1,

k=n

N
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where |-] is the floor function.
Wenpeng and Tingting [6] gave analogue of the result (1) for the Pell numbers:

i 1\ '] {Pn,l 4Py s if n is even and n > 2
Py ~ \Pii+Py2—1 ifnisoddandn > 1.

Also the same authors [7] gave the similar results for partial infinite sums including reciprocal squared-Pell numbers.
Holliday and Komatsu [1] obtained similar results for the terms of generalized Fibonacci sequence {U,(p,1)}:

il - 7{UH—UH,1 if nis evenand n > 2, @
e~ Uy - \Uy~Uyq—1 ifnisoddandn > 1,

z”: 1\ B {pUnU,,,l -1 ifnisevenandn > 2,
12 ~ L pU, Uy if nisoddand n > 1.
In this paper we will consider on the following type higher order recurrence sequences and then give general results sim-

ilar to the above partial sums. For any positive reals p and g, we define a kth order linear recursive sequence {u,(p,q,k)},
briefly {u,}, for n > k as follows

Up = Ply_y + QU+ Un 3+ + Unt, (3)

with nonnegative initials u; > 0 for 0 < t < k and assumed that at least one of them is different from zero.
The author [2] generalized the results given in (2) for the terms of generalized order-k Fibonacci sequence {un(p,q,2)} as
shown: then there exist a positive integer ny such that

-1
=1
‘ <kz un(p,q72)>

where p > q and ||-|| denotes the nearest integer (clearly ||x|| = [x +1]).
Recently the authors [3] presented the following results for the order- k recursion {u,(p, 1,k)} (with an arbitrary coeffi-
cient p and arbitrary k initials but not all of them are zero):

:u”(p7q72)7un71(p7q72)7 (n = n0)7

-1

> 1

(Zm) =u(p,1,k) —up1(p, 1,k), (n = no),
k=n K\ 1y

_1)k -
(Zu,((T]ka (1) (. 1K) — 1 (1K), (> )

k=n

and

= Uz (p, 1,k) —uz2(p,1,k), (n = ny),

-1
= 1
<; u2l<(p7 ]7 k)>

where ng, ny, n, are natural numbers depending on p.

In the rest of this paper, we will obtain generalizations of the results of [3] on the reciprocal sums of order-k recurrence
sequence {u,(p,1,k)} mentioned just above. To obtain such generalizations, we will consider the order-k recurrence se-
quence {u,(p,q,k)} (with two arbitrary coefficients p,q and arbitrary k initials) instead of the sequence {u,(p,1,k)}.

2. Main results

While considering the order-k sequences defined by (3), we assume that the restriction p > q > 1 throughout this paper.
Our first main result is

Theorem 1. Let {ux(p,q,k)}, briefly {us}, be an order-k sequence defined by (3) with the restriction p > q > 1. Then there exists
a positive integer ng such that

50

Before the proof, we need the following lemmas:

=Uyp—Uy1, (N =np).
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Lemma 2. Let p and q be positive reals with p > q > 1 and k € N with k > 2. Then for the polynomial

Cx1, (4)

f(X) _ Xk _ pxk—l _ qu—z _ xk—3

we have

(i) f(x) has exactly one positive real root o withp < a <p+ 1.
(ii) Other k — 1 roots of f(x) are within the unit circle in the complex plane.

Proof. Let
gX) = (x=Df () =x*"T = (p+ DX + (p— X T+ (@ -1 * +1.

The case g = 1 was given in [3]. We will consider two cases p =q and p > q.

Case 1: If p = g, then
) =X —(p+ X + (p— X2+ 1.

This case is very similar to the case ¢ = 1 so we omit it here.
Case 2: For p > q > 1, we have five nonnegative coefficients in the polynomial g(x) given by

gx) =X —(p+ x4+ (p— Xk + (g - )X + 1.

According to Descarte’s rule, f(x) has at most one positive real root and so g(x) has at most two positive real roots (clearly
one of them is 1).
Now we examine that there exists an another positive real root. Since p > 1 and k > 2 then

1 1
P P

and also since p?> > pq and p > 1 we have

g(p) (P*q+p* - p*—p*'q) =5 (P10 —p) + (> - p")) <O

1 k(2 2
g+ =—(p+1)'(p°-1+p-pq)+2p+p*+1)>0.
(pH)Z( ( ) )

Thus there exist an another positive real root o of g(x) with p < o« < p + 1. As a result of this f(x) has exactly one positive
real root (o« € R) with p < o < p + 1. So the proof of Lemma 2 (i) is complete.
By considering the Lemma (i), we have

if x € R such that x > o, then f(x) > 0, (5)

if x e Rsuch that 0 <x <a, thenf(x)<0
and

if x € R such that x > o, then g(x) > 0,

if xe Rsuch that 1 <x <a, theng(x)<0. (6)
To complete the proof of Lemma 2 (ii), it is sufficient to show that there is no root on and outside of the unit circle.
Claim 1: f(x) has no complex root z; with |z;| > o.
Assume that there exists such a root. So we have

fz)=2-pt—qt?2-2k3-...—z-1=0
and then we obtain

2] <Pl +qla 2] + 27+l + 1,

fz) =zl =plaa[ " =gz = [P =~ & - 1 <0

This contradicts with (5).
Claim 2: f(x) has no complex root z, with 1 < |z;| < a.
Suppose that there exists such a root. Since f(z;) =0,
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g8z) =" -+ 1A +p-9Z " +(@-1)E?+1=0,
which implies

P+ Dzl <2/ + @ -z + @ - Dz + 1

So we have g(|z;|) = 0. But this is a contradiction with (6).
Claim 3: On the circle |z5| = o and |z3] = 1, f(x) has the unique root o.
Let z3 # o and either |z3| = o or |z5] = 1 and also f(z3) = 0, then

8z) =" -+ )AE+(p-9& "+ (-1 +1=0.
So we get

P+ izl < |z + (- Q[ + (@ - D[P + 1.

Since « and 1 are also the roots of g(z),
AT+ (- + (@ - DA+ 1] =z + (-l + @ Dl 4 1.

The equality holds if and only if all parts lie on the same ray issuing from the origin. One of the parts is 1 (see [4]). So the other
parts, Z5™, (p — q)Z51, (¢ — 1)z5-2, must be element of R*. Since (p — q), (q — 1) € RY, &1, Z&-1 and &2 must be elements of
R*. Therefore we obtain z; € R*. There are two possibilities zs = 1 or z3 = o. Since f(1) # 0 the case z; = 1 is ruled out. From
Lemma (i) we know that f(x) has exact one positive real root «. So the case z; = « has already known. Since multiple roots
are counted separately by Descarte’s rule, there is not an another positive real root. From these tree claims, Lemma (ii) is proven.
Consequently, f(x) has exactly one positive real root « with p < oo < p + 1 and the other roots are within the unit circle. O

Lemma 3. Let k > 2, then the closed formula of {u,} is given by
up, =ao" +0(c™"), (n— o),

where a > 0, ¢ > 1 and « is the positive real root of (4).

Proof. Let o, 0,0, . .., 0 with |og] < 1for 1 < i< tbe distinct roots of f(x) and rj forj = 1,2, ..., t denotes the multiplicity of
the root o;. Then u, can be written as follows

t
Up = ao" + Yy Pi(n)oyf,
i=1

where P;(n) € Rjx] with degP; =r1; — 1,1 + 1, +---+1. =k —1and a € R". Since |o;] < 1 for 1 < i < t, each term of tail goes
to 0 as n — oo. So we can find constant K € R and ¢ € R with ¢ > 1 for n > ng such that

t
> Pi(mof <Kc™",

i=1

which completes the proof (note that if all roots of f(x) are distinct we can choose ¢! = max{|o4],|o],- .., |0k 1]} and
K=k-1) O

Proof (Proof of Theorem 1). From the geometric series as € — 0 we have

=1+e+0(e?) =1+0().

T+e
Using Lemma 2, we have
1 1 1

1 _ 1 -
e a0 agk (14 0((ae) ) 3 (1+000e7) = g+ 0((020) ).

Thus

By taking reciprocal we get
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) -1
<Zl> :a(“ 1 _ :a_laoc”(l +0((ac)™)) :a;laoc”JrO(c’”) =1Up — U1 +0(c™").

k=n U o—1) o+ O((O{ZC) ”) o

So there exists ng such that the last error term becomes less than 1/2 which completes the proof. O

Theorem 4. Let {u,(p,q,k)}, briefly {u,}, be an order-k sequence defined by (3) with a restriction p > q > 1. Then there exists a
positive integer nq, such that

00 (_1)k -1
(x5

Proof. Here we start to the proof with computing the summand term

G DA o D N GV (1+0((0 ™)),

Uy aok + 0(c k) aok

Then we have

> (—1)* & o A
> o <l+0<((xc) )):m—i—O((a 0) )

k=n

By taking reciprocal,

0 K\ ! n
(Z(_” > DD (44 o((ae) ™) = (-1)" (a2 + @z +0(c ™) = (~1)"(uy + 1) +0(c™)

k=n Uk

Then we can find integer n; such that the error term is less than 1/2 forn > n;. O
The following result could be proven similar to the previous results.

Theorem 5. For the sequence which defined in (3) with a restriction p > q > 1. Then there exist positive integers n, and nz such

that
§ -1
i 1
k=—n Ugieyr
00 k -1
(z; Ugke+r >

where t and r positive integers with 0 <r < t.

= (utn+r - Umfwr): (n = n2)’

1)n(um+r+ Un_t4r), (N = N3),

Now we present some examples of our results. Whenq =1, t =2, r =0and r = 1 in the previous theorem, respectively,
we get same results given in [3].

When we takep =2, g =1, k = 2, with initials up = 0 and u; = 1, respectively, we have same result in [6]. In addition we
have more results such as

-1

(%) |-
S 1 -1

<; Ptk+r>

Identity (7) can be also found in [3].
Whenp=q=1, k=2, t =5 and r = 3 with initials up = 0 and u; = 1, we obtain new result as follows,

(E) |-
() |-

(-1)"(Py +Puy),  (n > 1), 7)

= (P[n+r - Ptn—t+r)7 (Tl = Tlo).

F5n+3 FSn—Z)v (Tl = 1)7

(=1)"(Fsny3 +Fsn2), (n>=1).

=F18
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For example, we consider the sequence {u,} defined for n > 3 by
Up = 7un—1 + 4”11—2 + Un-3 + Un-4,

with initials up =0, u; =1, u, =2 and u; = 3. Then, by Theorems 1 and 5, we obtain
-1

=1

Do =Up—Un1, (N = No),

k=n Uy

00 (_1)k .

Z = (=1)" (Uengr + Um—t1r), (1 = ny),
P Utkr

K=n
where ng and n; are determined according to the initial values and the roots of characteristic equation of sequence {uy,}.
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