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Introduction

Pseudocompactness was introduced by Hewitt with the aim to weaken compactness in
the spirit of Weierstrafl theorem: a Tychonov topological space X is pseudocompact if ev-
ery real valued continuous function of X is bounded [49]. Pseudocompactness coincides
with compactness for metric spaces. Pseudocompact groups were characterized by Com-
fort and Ross [18, Theorem 4.1] (see Theorem 2.7). Moreover pseudocompact groups
are precompact, that is their completion is compact [18, Theorem 1.1]. All topological
groups in this thesis are Hausdorff.

A relevant problem involving pseudocompact groups is that of extremality, which was
introduced and studied by Comfort and co-authors since 1982 [14, 20]. The following
are the main two levels of extremality.

Definition 1. [7, 16, 29] A pseudocompact group is:
e s-extremal if it has no proper dense pseudocompact subgroup;
e r-extremal if there exists no strictly finer pseudocompact group topology.

It was immediately observed that every pseudocompact metrizable (so compact)
group is s- and r-extremal. So arose the natural question of whether every pseudocom-
pact group that is either s- or r-extremal is metrizable [14, 20]. This question, posed in
1982, turned out to be very difficult and many papers in the following twenty-five years
proposed partial solutions [7, 9, 11, 12, 13, 14, 16, 20, 21, 22, 29, 43]. Recently Comfort
and van Mill proved that the answer to this question is positive:

Theorem A. [22, Theorem 1.1] For a pseudocompact abelian group G the following
conditions are equivalent:

(a) G is s-extremal;
(b) G is r-extremal;

(c) G is metrizable.

Studying this topic, we introduced singular groups in [29, Definition 1.2].

Definition 2. A topological abelian group G is singular if there exists a positive integer
m such that w(mG) < w.
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The condition given in [29, Definition 1.2] to define singular abelian groups G was
(1) there exists a positive integer m such that G[m] is a Gs-set of G,

and it was given for pseudocompact abelian groups. Anyway for pseudocompact abelian
groups these properties are equivalent and they are equivalent also to a third one, that
is

(2) G admits a closed torsion normal Gs-subgroup.

The condition in (2) can be given also for non-necessarily abelian topological groups.
The equivalence of these three conditions for pseudocompact abelian groups is proved
by Lemma 3.35 with x = w. So singularity has various aspects and this is a reason for
which it is useful in different topics, as we are going to describe.

In [29] for example we proved Theorem A in the case when G is singular. Moreover
we saw that singularity is a necessary condition for a pseudocompact abelian group to
be either s- or r-extremal.

Recently singular groups turned out to be useful in another case: in Section 3.1 we
show that a counterexample for a recent conjecture which was in a preliminary version of
[21] (see http://atlas-conferences.com/cgi-bin/abstract/cats-72) can be found by making
use of singular groups.

The form in (2) was already used in [32], where the problem of the characterization of
compact groups admitting a proper dense subgroup with some compactness-like property
was considered. We give a historical panoramic of the general problem and we focus our
attention on the role of singular groups.

We begin recalling some definitions. A subgroup H of a topological group G is
strongly totally dense if H densely intersects every closed subgroup of G, and it is totally
dense if H densely intersects every closed normal subgroup of G [63]. These two concepts
coincide in the abelian case. The totally dense subgroups of a compact group K are
precisely those dense subgroups of K that satisfy the open mapping theorem [30, 31, 48]
(see Theorem 1.28), according to the “total minimality criterion” (see Theorem 1.50).
The groups with this property were introduced in [30] under the name totally minimal:
a topological group G is totally minimal if for every topological group H and for every
continuous surjective homomorphism f : G — H, f is open.

A subgroup H of a topological group G is essential if H non-trivially intersects
every non-trivial closed normal subgroup of G [59, 64]. A totally dense subgroup is
necessarily dense and essential. A topological group G is minimal if there exists no
strictly coarser group topology on G. A totally minimal group is minimal. A description
of the dense minimal subgroups of compact groups was given in [59, 64] in terms of
essential subgroups. According to the “minimality criterion” given in [31, 59, 64| (see
Theorem 1.50) a dense subgroup H of a compact abelian group K is minimal if and only
if H is essential in K.
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A particular case of the previous mentioned problem has been largely studied, that is
the description of compact groups admitting proper totally dense subgroups with some
other compactness-like property. To better explain this problem and the known results
about it, we recall some definitions of compactness-like properties which did not appear
until here:

Definition 3. A Tychonov topological space X is:
e w-bounded if every countable subset of X is contained in a compact subset of X ;
e countably compact if every countable open cover of X has a finite subcover;
e strongly pseudocompact if X contains a dense countably compact subspace [2].
For topological groups we have the following chain of implications:

compact = w-bounded = countably compact =
strongly pseudocompact = pseudocompact = precompact.

It became clear that countable compactness and w-compactness have to be imme-
diately ruled out, as no compact group can contain a proper strongly totally dense
countably compact subgroup [32, Theorem 1.4] (see also [25] for stronger results). So
one has to limit the compactness-like property within (strong) pseudocompactness.

We study the problem of the existence of proper totally dense pseudocompact sub-
groups of compact abelian groups. In view of our previous observation and of Comfort
and Ross theorem about pseudocompact groups (see Theorem 2.7), this is equivalent to
look for proper totally minimal G§-dense subgroups of compact abelian groups.

This problem was studied for the first time by Comfort and Soundararajan [20], and
they solved it in case K is a connected compact abelian group: the answer is if and only
if K is non-metrizable.

A topological group admitting some dense pseudocompact subgroup is necessarily
pseudocompact (see Corollary 2.14 with k = w). A necessary condition for a topological
group G to have a strongly totally dense pseudocompact subgroup was given in [32,
Theorem 1.7]: G does not admit any closed Gs-subgroup, that is G is non-singular. As
noted above, this is the first time in which this concept appeared. In the case of compact
abelian groups this condition, namely non-singularity, was proved to be also sufficient
under the Lusin’s Hypothesis, which states that 28 = 2% (it obviously negates the
Continuum Hypothesis) [32, Theorem 1.8]. In [32, Problem 1.11] it was asked if it is
possible to remove this set-theoretical condition.

In the same paper it was proved that the compact abelian groups K with non-
metrizable connected component have the following stronger property 1T'D,, relaxing
countable compactness: there exists a proper totally dense subgroup H of K that con-
tains a dense w-bounded subgroup of K [32, Theorem 1.9]. Obviously such an H is
strongly pseudocompact, but need not be countably compact. So the property T D,
appears to be stronger than having a proper totally dense pseudocompact subgroup and
the question is if they are equivalent for compact abelian groups [32, Problem 1.12].
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Inspired by the results in [32] and making advantage of [25], we use singular groups
and projections onto special non-singular powers to get the final positive solution of the
mentioned [32, Problems 1.11 and 1.12]. It is given by our following theorem, which is
the first main result of this thesis.

Theorem B. For a compact abelian group K the following conditions are equivalent:
(a) K has a proper totally dense pseudocompact subgroup;
(b) K is non-singular;

(c) there exists a continuous surjective homomorphism of K onto S“!, where S is a
compact non-torsion abelian group;

(d) K has the property TD,,.

The properties of singular compact abelian groups are crucial for the proof of this
theorem. The main difficulty is to prove that every non-singular compact abelian group
admits a projection onto an uncountable power of a compact non-torsion abelian group.

Another particular case of the general problem is that of compact abelian groups
admitting some proper essential dense subgroup with some other compactness-like prop-
erty.

It is known that there exist compact abelian groups with proper essential dense count-
ably compact subgroups [33, 39]. Moreover the problem of the existence of connected
compact abelian groups with proper essential dense countably compact subgroups is not
decidable in ZFC (it is equivalent to that of the existence of measurable cardinals — see
[38] and [24, Theorem 5.7]).

In analogy with Theorem B we decide to characterize compact abelian groups ad-
mitting some proper essential dense pseudocompact subgroup.

Definition 4. A topological abelian group G is super-singular if there exist p1,...,pn
primes such that w(py - ... - ppG) < w.

Each super-singular topological abelian group is singular.

In view of Theorem B, in order to characterize compact abelian groups admitting
some proper essential dense pseudocompact subgroup it is sufficient to consider only the
case when the group is singular. The following theorem gives necessary and sufficient
conditions for a compact abelian group K to admit a proper essential dense pseudocom-
pact subgroup. We give it in the “negative form” because in this way the statement is
clearer.

Theorem C. Let K be a compact abelian group. Then the following conditions are
equivalent:

(a) K admits no proper essential dense pseudocompact subgroup;
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(b) K is singular and pT,(K) is metrizable for every prime p;

(¢) K is super-singular.

This theorem can be considered also from another point of view, that we explain
in what follows. The concept of r-extremal pseudocompact abelian group is “dual”
to that of minimal pseudocompact group, in the sense that a pseudocompact abelian
group G is minimal if there exists no strictly coarser pseudocompact group topology
on GG. As an immediate corollary of Theorem A it is possible to obtain that a proper
dense pseudocompact subgroup of a topological abelian group G cannot be either s- or
r-extremal: if H is a dense either s- or r-extremal pseudocompact subgroup of G, then
H is metrizable and so compact by Theorem A; hence H is closed in G and so H = G
since H is also dense in G. In view of this consequence of Theorem A, it is natural to
consider the problem of the characterization of pseudocompact abelian groups admitting
some proper dense minimal pseudocompact subgroup. Theorem C solves this problem
in the case of compact abelian groups, since a dense subgroup H of a compact abelian
group K is minimal if and only if H is essential in K as noted before.

There is a very natural generalization of pseudocompactness given by Kennison.

Definition 5. [54] Let k be an infinite cardinal. A Tychonov topological space X is
k-pseudocompact if f(X) is compact in R for every continuous function f: X — R".

In Chapter 2 we study s-pseudocompact groups, characterizing them in terms of how
they are placed in their completion and also from the point of view of their “big” closed
normal subgroups. We show that they have properties similar to those of pseudocompact
groups. Moreover we introduce the P;-modification of a given topology (see Definition
2.2) and Theorem 2.27 is a new result of independent interest about the P.-modification
of the Bohr topology.

Our next aim is to generalize for x-pseudocompactness Theorems A, B and C, that
is for each infinite cardinal Kk we want to characterize

(A") extremal k-pseudocompact abelian groups,

(B*) compact abelian groups admitting some proper totally dense rk-pseudocompact
subgroup, and

(C*) compact abelian groups admitting some proper essential dense k-pseudocompact
subgroup.

As singular groups and their properties were useful in working with these problems
in the case k = w, we want to analyze singularity in relation with k-pseudocompactness
and generalize it for every infinite cardinal k. To this aim in Chapter 3 we introduce a
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new cardinal invariant of topological abelian groups, that is the divisible weight wq(—)
(see Definition 3.10). This cardinal invariant measures singularity in a very precise way
and using it we introduce counterparts of singularity and non-singularity: we define
and study the groups for which this cardinal invariant is as big as possible (i.e., w-
divisible groups — see Definition 3.26) and the abelian groups for which it is smaller
than a given infinite cardinal k (i.e., k-singular groups — see Definition 3.32). The
latter new notion allows us to get the required generalization of Theorem B(b). In order
to have the right generalization also of Theorem C(c), we introduce another cardinal
invariant of topological abelian groups, namely the super-divisible weight (see Definition
3.48), which is strictly related to the weight and have properties similar to those of the
divisible weight. The super-divisible weight permits us to introduce super-x-singular
abelian groups (see Definition 3.51).

The main examples of w-divisible groups are w-divisible products (i.e., uncountable
products of metrizable compact non-torsion abelian groups) and w-divisible powers (i.e.,
uncountable powers of metrizable compact non-torsion abelian groups) — see Example
3.29. It is onto these products and powers that we project the compact abelian groups
of Chapter 4.

Chapter 4 is dedicated to special product-like groups in the above sense. Indeed it is
well known that for every non-metrizable compact abelian group K there exists a contin-
uous surjective homomorphism of K onto a product [[,.; K; of non-trivial (metrizable)
compact abelian groups with |I| = w(K) (see Theorem 4.1). Since we would like to
generalize Theorem B for all infinite cardinals « and in particular we need to extend
appropriately condition (c¢), motivated by these facts, we look for continuous surjective
homomorphisms of a compact group K onto products [[;.; K; of non-trivial metrizable
compact abelian groups, asking the groups K; to be also non-torsion. In case |I]| is
uncountable, this means that we are looking for a projection of K onto a w-divisible
product. Theorem D gives a necessary and sufficient condition for a non-singular com-
pact abelian group K to have such a projection onto a w-divisible product [[,.; K; with
1] = wa(K).

Theorem D. Let K be a non-singular compact abelian group. There exists a continuous
surjective homomorphism of K onto a w-divisible product [ [, ; K; if and only if w < |[I| <
wq(K). In particular every non-singular compact abelian group K admits a continuous
surjective homomorphism onto a w-divisible product of weight wq(K).

According to Corollary 4.12 of this theorem, a compact abelian group K admits such
a projection, with |I| = w(K) > w, if and only if K is w-divisible.

In the rest of Chapter 4 we consider the particular case of this theorem when all
K; coincide, that is we want to know under which conditions there exists a continuous
surjective homomorphism of a non-singular compact abelian group K onto a w-divisible
power S®a(K)  Theorem 4.17 shows that for compact abelian groups K admitting a
continuous surjective homomorphism onto a w-divisible power SwalK) there is a remark-
able trichotomy. Moreover Corollary D* gives a necessary and sufficient condition that
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ensures the existence of such a projection:

Corollary D*. Let k be an infinite cardinal. A compact abelian group K is non-x-
singular if and only if there exists a continuous surjective homomorphism of K onto
S“+, where S is a compact non-torsion abelian group.

Theorem D and Corollary D* apply to prove the main results of Chapters 5, 6 and

In Chapter 5 there is a first application of the results of Chapter 4. We consider a
problem related to the characterization of the abelian groups admitting pseudocompact
group topologies, which in its full generality is still a hard open question [34, Problem
0.2] (see also [8, Problem 856] and [36, Problem 892]).

If X is a non-empty set and « is an infinite cardinal, then a set F' C X" is w-dense
in X*, provided that for every countable set A C x and each function ¢ € X4 there
exists f € F such that f(a) = ¢(«a) for all a € A [6] (see also [34, Definition 2.6]).

Definition 6. [34, Definition 2.6] If A and £ > w are cardinals, then Ps(\, k) abbreviates
the sentence “there exists an w-dense set F' C {0,1}" with |F| = \”.
Moreover Ps(\) denotes the sentence “Ps(A, k) holds for some infinite cardinal k7.

This set-theoretical condition is closely related to the pseudocompact group topolo-
gies: Ps(A, k) holds for some cardinals A and x > w if and only if there exists a group
G of cardinality A which admits a pseudocompact group topology of weight x [15] (see
also [34, Fact 2.12 and Theorem 3.3(i)]).

Definition 7. [34, Definition 3.1(i), Theorem 3.3(ii)] An infinite cardinal k is admissible
if there exists a pseudocompact group G such that |G| = k, i.e., Ps(k) holds true.

Hence, if G is a pseudocompact group, then Ps(|G|, w(G)) holds. But what about the
free rank r¢(G) of G7? Does Ps(r9(G)) holds whenever G is a pseudocompact abelian
group (i.e., is 7o(G) admissible in case G is a pseudocompact abelian group)? This
question is contained in [34, Problem 9.11]. As mentioned in [34], this problem seems to
be an important step for the characterization of abelian groups admitting pseudocompact
group topologies. If G is torsion, the problem makes no sense because ro(G) = 0 and
Ps(k) is defined for infinite cardinals .

[34, Theorem 3.1] proved that if G is a non-trivial connected pseudocompact abelian
group, then Ps(ro(G),w(G)) holds. The problem is open in general. It is possible to
ask also whether connectedness is a necessary condition in order that Ps(ro(G), w(QG))
holds. Applying Theorem D, in Theorem E we generalize [34, Theorem 3.1] to w-divisible
groups, which are far from being connected (while connected pseudocompact groups are
w-divisible):

Theorem E. If G is a w-divisible pseudocompact abelian group, then Ps(ro(G), w(G))
holds.
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Moreover Example 5.15 shows that w-divisibility (and so also connectedness) is not a
necessary condition in order that Ps(ro(G), w(G)) holds, and Corollary 5.16 provides the
missing equivalence at a different level (namely that of pseudocompact topologization).

From Theorem E in Corollary 5.18 we deduce that Ps(ro(G)) holds whenever G
is a pseudocompact non-torsion abelian group, and this is precisely the answer to the
mentioned [34, Problem 9.11].

In the survey [7], exposing the history of the problem of the extremality of pseu-
docompact abelian groups, there is a wish of extending to more general cases The-
orem A, that is the final solution of the problem. On one hand it is suggested to
consider the non-abelian case. On the other hand it is proposed to consider, for any
pair of topological classes P and Q, the problem of understanding whether every topo-
logical group G € P admits a dense subgroup and/or a strictly larger group topol-
ogy in ©. This problem is completely solved by Theorem A in the case P = Q =
{pseudocompact abelian groups}. In Chapter 6 we consider and completely solve the
case P = Q = {k-pseudocompact abelian groups}.

We need first to generalize to k-pseudocompact groups the definitions of s- and r-
extremality (for k = w we find exactly the definitions of s- and r-extremal pseudocompact

group):
Definition 8. Let x be an infinite cardinal. A k-pseudocompact group G is:
o s.-extremal if it has no proper dense k-pseudocompact subgroup;
o r.-extremal if there exists no strictly finer k-pseudocompact group topology on G.

The main result of Chapter 6 is the next theorem, which completely solves the case
P = Q = {k-pseudocompact abelian groups}.
In particular it generalizes Theorem A for every infinite cardinal k.

Theorem AF. Let k be an infinite cardinal. For a k-pseudocompact abelian group G
the following conditions are equivalent:

(a) G is s,-extremal;
(b) G is ry-extremal;
(c) w(G) < K.
Our proof of Theorem 6.2 does not depend on the particular case k = w, that is
Theorem A. However many ideas used to prove it are taken from previous proofs in
[12, 13, 15, 16, 21, 22, 29]. In particular we apply a set-theoretical lemma from [22] (see

Lemma 6.24), which was also a fundamental step for the proof of Theorem A. In each
of these cases we give references.



xiii

In Section 7.1 we generalize Theorem B for every infinite cardinal x proving Theorem
B. We already have the generalization of pseudocompactness (i.e., k-pseudocompact-
ness) and of singularity (i.e., k-singularity) and so we need to generalize also the remain-
ing two properties: we give generalizations of w-boundedness and introduce appropriate
properties, denoted by T'D, and T D", extending the property T'D,, for every infinite
cardinal k. Corollary D* is applied in the proof of this theorem, since it gives exactly
the equivalence of conditions (b) and (c).

Theorem B". Let k be an infinite cardinal and let K be a compact abelian group. The
following conditions are equivalent:

(a) K has a proper totally dense k-pseudocompact subgroup;
(b) K is non-k-singular;

. . . . . + .
(c) there exists a continuous surjective homomorphism of K onto S® |, where S is a
compact non-torsion abelian group;

(d) K has the property T D.

As noted after Theorem C for the case kK = w, the concept of r,-extremal k-
pseudocompact group is “dual” to that of minimal k-pseudocompact group, in the
sense that a k-pseudocompact group is minimal if there exists no strictly coarser -
pseudocompact group topology on GG. Moreover, as an immediate corollary of Theorem
A" we obtain that a proper dense x-pseudocompact subgroup of a topological abe-
lian group cannot be either s,- or ri-extremal (see Corollary 7.16). This result sug-
gests the problem of the characterization of k-pseudocompact abelian groups admitting
some proper dense minimal k-pseudocompact subgroup. In the case of compact abelian
groups this problem becomes to characterize those compact abelian groups admitting
some proper essential dense k-pseudocompact subgroup. Indeed in view of the foregoing
observations a dense subgroup H of a compact abelian group K is minimal if and only if
H is essential in K (see Theorem 1.50). Seen in this way, this problem is strictly related
to that solved by Theorem B”. In Section 7.2 we study and completely solve it, giving
for compact abelian groups properties equivalent to have some proper essential dense
k-pseudocompact subgroup:

Theorem C®. Let k be an infinite cardinal and let K be a compact abelian group. Then
the following conditions are equivalent:

(a) K admits no proper essential dense k-pseudocompact subgroup;
b) K is k-singular and w(pT,(K)) < k for every prime p;
g D Y

(c) K is super-r-singular.
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This theorem generalizes Theorem C for every infinite cardinal .

In Theorem A" we consider dense k-pseudocompact subgroups of k-pseudocompact
abelian groups, while Theorem B” is about totally dense k-pseudocompact subgroups
of compact abelian groups and Theorem C® about essential dense x-pseudocompact
subgroups of compact abelian groups. So it is natural to ask when a k-pseudocompact
abelian group admits some proper totally dense or essential dense subgroup. We solve
the compact case. Indeed in Theorem 7.22 we characterize compact abelian groups
admitting some proper totally dense subgroup and as a corollary of Theorem C* we
find a characterization of compact abelian groups admitting some proper essential dense
subgroup in Theorem 7.24.

In [15] Comfort and Robertson studied the compact groups K admitting some
strongly totally dense pseudocompact subgroup H which is small (i.e., |H| < |K]).
This problem is strictly related to Theorem B. [15, Theorem 6.2] showed that ZFC
cannot decide whether there exists a compact group with small strongly totally dense
pseudocompact subgroups. As a consequence of this theorem and the results in [15] it
is possible to derive an analogous result for abelian groups, that is ZFC cannot decide
whether there exists a totally disconnected compact abelian group with small totally
dense pseudocompact subgroups (see Theorem 7.27).

In Theorem 7.45, also as a consequence of results from [4, 10, 15], we prove the
counterpart of this theorem for essential dense subgroups, that is we prove that ZFC
cannot decide whether there exists a totally disconnected compact abelian group K with
small essential dense pseudocompact subgroups. But thanks to the properties of abelian
groups, we see that the condition “dense” can be removed; indeed we prove:

Theorem F. ZFC cannot decide whether there exists a compact abelian group K with
small essential pseudocompact subgroups.

In order to prove this theorem, in Section 7.4.2 we introduce a new cardinal invari-
ant, namely F(—), that measures the minimal cardinality of essential subgroups of a
topological group (see Definition 7.31). We introduce it in analogy with already existing
cardinal invariants of the same nature, namely ED(—) and T'D(—), which measure the
minimal cardinality of essential dense subgroups and totally dense subgroups of a topo-
logical group respectively (see Definition 1.53). In the case of compact abelian groups
this cardinal invariant E(—), similarly to £D(—) and T'D(—), turns out to be strictly
related to purely algebraic cardinal invariants, that is the p-rank and the Z,-rank for p
a prime; the definition and properties of these cardinal invariants are recalled in Section
1.2.1. The possibility to compute E(—) allows us to prove in Theorem 7.39 that it coin-
cides with ED(—) and T'D(—) for compact abelian groups. This result plays a central
role for the proof of Theorem F.

The non-abelian case is an open problem and we discuss it in [28].
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In the next diagram we explain how the main results of this thesis, mentioned in
the introduction, are related. Theorem A of Comfort and van Mill is a starting point.
Also Theorems B and C, which are part of this thesis, have the same role. Indeed we
generalize these three theorems for every infinite cardinal , obtaining Theorems A", B*
and C" respectively. A special role in this generalization is played by Theorem D and
Corollary D*. Indeed we apply them to prove Theorems A* and B*; then Theorem B*
applies to prove Theorem C®. We do not give an explicit proof of Theorem B and C,
since they are particular cases of Theorems B® and C* respectively. As an application
of Theorem D we get also Theorem E. Theorem F is of a different nature but related to
Theorem C.

The next diagram explains the structure of this thesis and the relations among the
chapters. Chapter 4 plays a central role: the results of the following chapters are appli-
cations of the theorems of Chapter 4. The results in Chapter 2 are about topological
groups which are not necessarily abelian. Anyway the main theorems of this thesis are
about abelian groups. The results in Chapters 2 and 6 are collected in [46] and those in
Chapters 3, 4, 5 and 7 are collected in [26, 27, 28, 45].
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Chapter 1

General results, notation and
terminology

For eventually undefined terms see [40, 42, 50, 57].

For sets X and Y, we denote by XY the set of all functions Y — X. Moreover we
denote by idx the identical function of X onto itself. Let I be a set of indices and for
each ¢ € I let X; be a set. Then Hiel X is the direct product of X;, that is

HXZ' = {(xi)iel 1T € Xz}
el
If all X; are the same set X, then we simply write X’ and
AXT = {x = (2i)ier € X : x; = x; for every i,j € I}

is the diagonal subset of X'.

1.1 Limit cardinals

We introduce some notations about cardinals following [57].
For a cardinal &

kP =min{\: A >k}, logk =min{\:2" >k} and 2<% =sup{2*: \ < k}.

Furthermore & is a strong limit cardinal if 2* < k for every A < k. When at least one of
the cardinals x and A is infinite we have

K+ A=k -\=max{k, A}

The cofinality cf(k) of k is the minimal cardinality of a set I such that if A is a set
with |A| = &, there exists a family of sets {A;}icr such that |A;| < k for every i € I
and A = |J,c; Ai. Equivalently cf(x) is the minimal cardinal v such that there exists a
sequence of cardinals {x) : A < v} with £ = sup,., k) and k) < & for every A < ~. If
cf(k) = K, then k is a regular cardinal. Every successor cardinal is regular.

As a consequence of Konig’s lemma [55] we have the next condition.
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Fact 1.1. If k is an infinite cardinal, then cf(27) > k.

The Generalized Continuum Hypothesis (briefly GCH) is equivalent to suppose that
2% = kT for every cardinal k. Under GCH, if  is a limit cardinal, then x is a strong
limit cardinal.

Claim 1.2. Let k be a cardinal of countable cofinality and A < k. Then 2* < k implies
2 < k.

Proof. If k = w, it is clear that 2 < k in case A < k. Suppose that k > w. If A < w,
then 2% < k. So assume that w < A < k. If 2% = &, then cf(k) = cf(2*) > X by Fact 1.1.
This is not possible because A > w and so cf(k) > w, against the hypothesis that it is
countable. O

Claim 1.3. For a cardinal k the following conditions are equivalent:
(a) K is a strong limit;
(b) Kk =logk.

If k has countable cofinality, then the following condition is equivalent to (a) and (b):
(c) 2<F = k.

Proof. (a)<(b) A cardinal  is a strong limit if and only if 2* < & for every A\ < k. This
is equivalent to k = log k.

(a)=(c) Since 2* < k for every A < k, it follows that 2<% = sup, ., 2* < k. Therefore
25K = k.

(c)=(a) Since 2<% = k, then 2* < & for every A < x. By Claim 1.2 this implies that
2} < k for every A < k, that is x is a strong limit. O

In the second part of this claim the hypothesis that x has countable cofinality is used
only in (c)=-(a), where Claim 1.2 applies.

The symbol ¢ stands for the cardinality of the continuum.

1.2 Abelian groups

We denote by Q, Z, P, N and N respectively the field of rationals, the ring of integers,
the set of primes, the set of natural numbers and the set of positive integers. For m € N,
we use Z(m) for the finite cyclic group of order m. For p € PP the symbol Z, indicates
the ring of p-adic integers and Z(p>°) the Priifer group.

For a group G we denote the neutral element by eq. If G is abelian by 0.

Let G be an abelian group. An element z € G is torsion if there exists n € N
such that nz = 0. The subgroup of all torsion elements of G is t(G). For m € N
let Glm] = {x € G : mz = 0}. We say that G is torsion free if t(G) = {0} and that
G is torsion if it coincides with ¢(G). Moreover G is bounded torsion if G = G[m]
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for some m € N, ; equivalently in this case G is of finite exponent m. For m € N let
mG = {mx : v € G}.

For any abelian group G and H let Hom(G, H) be the group of all homomorphisms
from G to H. If G and H are algebraically isomorphic, then we write G =2 H. If S is a
subset of G then (S) is the smallest subgroup of G containing S, i.e., the subgroup of G
generated by S.

Let I be a set of indices and for each i € I let G; be an abelian group. Then [],.; G;
is the direct product and @ G; is the direct sum of the groups G;, that is

@Gi = {x € HGZ' . |supp(x)| is ﬁnite} ,

icl el
where supp(x) = {i € I : x; # 0} is the support of x = (2;)iesr € [[;c; G- If I is empty
then [[;c; Gi = @,c; Gi = {0}. For a cardinal x we denote by G* the product and by

G®) the direct sum of x many copies of G, that is D, G.
If £ is a cardinal < |I| and G = [];c; Gi, let

Y.G = {x € G :|supp(x)| < k}

be the X -product of G. For k = w, ¥,G is LG (i.e., the ¥-product centered at 0 of G).
Moreover, if G = H', then AG is a subgroup of G, namely the diagonal subgroup of G.
If w <k < |I], then AGN%E,.G = {0}.

1.2.1 Ranks

Definition 1.4. A subset S of an abelian group G is independent if Y 1" | zs; = 0 for
S1y---ySn €8, 21,...,2n € Z and n € N4, implies z1 = ... = z, = 0.

Definition 1.5. An abelian group F' is free if there exists an independent subset S of
F, such that F' = (S).

An abelian group F is free if and only if it is isomorphic to Z(*), where & is a cardinal
uniquely determined by F. Note that |F| =k - w.

If G is an abelian group, applying Zorn’s lemma it is possible to prove the existence
of a maximal independent subset of G. If S and T are maximal independent subsets of
G, then |S| = |T'|. This allows us to give the following definition.

Definition 1.6. Let G be an abelian group. The free rank ro(G) of G is the cardinality
of a mazimal independent subset of G.

Lemma 1.7. Let G be an abelian group and N a subgroup of G. Then
To(G) = T‘()(G/N) + To(N).

Let G be an abelian group and let p € P. The p-eth socle of G is the subgroup
Socy(G) = {x € G : o(z) = p}. It is a vector space over the field ), of p many elements.
Moreover the subgroup Soc(G) = D, cp Socy(G) is the socle of G.
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Definition 1.8. Let G be an abelian group and let p € P. The p-rank of G is r,(G) =
dimp, Soc,(G).

Note that Socy(G) = €D, () Z(p). Moreover [Soc,(G)| = w-ry(G) whenever Soc,(G)
is infinite.
Lemma 1.9. Let p € P, let G be an abelian group and N a subgroup of G. Then
rp(G) = 1p(G/N) + rp(N).
Definition 1.10. For an abelian group G the rank of G is 7(G) = 19(G) + 3 ,ep 7p(G).
If G is an infinite abelian group then |G| = w - 7(G).
Lemma 1.11. If G is an abelian group and N a subgroup of G, then
r(G) =r(G/N)+r(N).

Since abelian groups are Z-modules, in analogy with the free rank of abelian groups,
it is possible to introduce the R-rank of R-modules, where R is a integral domain, i.e.,
a commutative unitary ring without zero-divisors.

Definition 1.12. Let R be an integral domain and let M be an R-module. A subset S
of M is R-independent if > 7" | ris; =0 for s1,...,8, € S, r1,...,7 € R and n € N,
mmpliesry = ... =1 =0.

As in the particular case of abelian groups, applying Zorn’s lemma it is possible to
prove the existence of a maximal R-independent subset of an R-module M. If S and
T are maximal R-independent subsets of M, then |S| = |T'|. This allows us to give the
next definition.

Definition 1.13. Let R be an integral domain and let M be an R-module. The R-rank
rankp(G) of M is the cardinality of a maximal R-independent subset of G.

Lemma 1.14. Let R be an integral domain and let M, N be R-modules. Let o : M — N
be a surjective homomorphism of R-modules. Then rankg(M) > rankp(N).

Proof. Let S be a maximal R-independent subset of N. Then rankgr(N) = |S|. For
every y € S let © € M be such that p(x) = y. Then the subset T' of all such element
z has the same cardinality of S and it is R-independent. Indeed, if ", rt; = 0 for
ti,o.stn €T, r1,...,rp € Rand n € Ny, then Y I | rip(t;) = 0; since ¢(t;) € S for
every i € {1,...,n}, this implies that r; = ... = r, = 0. Hence rankp(M) > |T| =
|S| = rankp(N). O

We are interested in the case R = Z,, that is in the Z,-rank of Z,-modules. We give
a relation among the cardinality, the p-rank and the Z,-rank of an infinite Z,-module:
Lemma 1.15. Let p € P. If M is an infinite Z,-module, then

M| = w - rp(M) if rankz, (M) = 0
¢-rankz, (M) -rp(M) ifrankz (M) >1
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Proof. We know that |M| = |[M/t(M)| - |[t(M)|. Since M is infinite, at least one of
|M/t(M)| and [t(M)| in infinite. If rankz, (M) = 0, then [t(M)| is infinite and |M| =
[t(M)| = w-rp(M). Suppose that rankz, (M) > 1. Then |M| > ¢. Moreover |M/t(M)| =
¢ - rankz, (M) and r,(M) is equal either to 7,(M) or to w - rp(M). Therefore |M| =
|M/t(M)| - [t(M)| = ¢-rankg, (M) - rp(M). O

Fact 1.16. If G is an abelian group such that ro(G) > ¢, then there exists a surjective
homomorphism G — T.

Proof. Since |T| = ¢, there exists a surjective homomorphism f of the free abelian group
Z9 onto T. Moreover there exists an injective homomorphism Z(©) — G, because
ro(G) > ¢. Since T is divisible, f can be extended to a surjective homomorphism
G —T. O

1.2.2 Abelian p-groups

Let p € P and let G be an abelian group. An element x € G is p-torsion if there exists
n € N such that p"z = 0. Let t,(G) be the subgroup of all p-torsion elements of G. We
call an abelian group X p-group (or p-torsion) if all elements of X are p-torsion. We
call it bounded p-torsion in case there exists n € N such that p"x = 0 for every z € X
equivalently it has exponent p” for some n € N.

Remark 1.17. Let p € P and let X be an abelian p-group. According to [42, Theorem
32.3] X has a basic subgroup By, in other words there exist cardinals «,,, with n € N4,
such that:

By = @Zo:l Z(pn)(an),
By is pure (i.e., By N p"X = p" By for every n € N) and
X/ By is divisible;

so X/By = Z(p>)@) for some cardinal o, because X/By is a divisible abelian p-group
[42, Theorem 23.1]. The definition of basic subgroup was given in [56].
Let m € N4, and let

Bim=@PZ@") ) and Byym= @ Z(p").
n=1 n=m-+1

Then we prove that
X = X1,m ® Bim,

where X1, = p" X+ Ba . Indeed, X = p™ X + By because X/ By is divisible. Moreover,
this is a direct sum as Xy ;, N By, = {0}; in fact, if 2 € Xy ;N By, then 2 = by € By
and z = x + by, where x € X1, ba € Ba,,. It follows that = by — by € By N p™X.
By the purity of By, we have By N p" X = p™By C Bs,, and this yields b; = 0, since
By m N By, = {0}. Moreover

X/By = X1,m/Bam.
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In [62, Proposition 18.6] the condition X = Xj,, & Bj,, was proved to be also
sufficient to be basic for a subgroup B which is direct sum of cyclic groups.

Let p € P. In [66] (see [42, §35]) the final rank of an abelian p-group X was defined

as
finr(X) = inf r,(p" X).
r(X) éeNrp( )

The next example shows which are all the abelian p-groups of finite final rank.
Example 1.18. Let p € P and let X be an abelian p-group. Let m € N. Then
finr(X) = m if and only if X = Z(p>)™ & By, where By is bounded torsion.

To prove this result assume first that X = Z(p™)™ @ By, where By is bounded
torsion. Since Z(p™>)™ is divisible, finr(Z(p>)™) = m. Moreover, for the ky € N
such that p*o is the exponent of By, we have rp(pkBo) = 0 for every k£ > kg. Then
finr (Z(p>)™ @ By) = m.

Suppose that finr(X) = m for some m € N. Then there exists k&; € N such that
rp(p¥X) = m for every k € N with k& > k;. By Remark 1.17 there exists a basic
subgroup By = @°°, Z(p")@") of X such that X/By = Z(p>°)@) for some cardinals
an, with n € N, and o. If a;, > 0 for infinitely many n € N, then r,(p¥Bg) = w for
every k € N. In this case finr(X) = w, but it is not possible in view of our hypothesis.
Consequently By is bounded torsion, i.e, there exists kg € N such that p* By = {0}.

Let k € N be such that £ > max{ko, k1}. Following the notation of Remark 1.17, let
By = @szl Z(p") ) Bog = @pii1 Z(p™)(@n) and X1 =p"X + Bay. In our case

By = {0}

and so
PPX = X1 2 X14/Bay, = X /By = Z(p™)

in view of Remark 1.17. Since r,(p*X) = m, hence o = m.
By Remark 1.17 we have X = X, ® B1y,. As noted before By, = {0}. This
implies X1 iy = X1 ko/Bok, = X/Bo = Z(p>®)(?) and By = B i, Hence

X = Xl,ko D Bl,ko = Z(poo)m @ By.

According to [62] for a basic group B of an abelian p-group X the final rank of X is
a upper bound for the p-rank of X/B, in other words

p(X/B) < finr(X) = inf ry (5" X).

In view of this result, a basic subgroup B of an abelian p-group X is called infrabasic
if r,(X/B) is maximal. Moreover every abelian p-group X has an infrabasic subgroup,
that is X has a basic subgroup B such that r,(X/B) = finr(X) [62, Theorem 20.4].
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1.3 Topological spaces

If S is a subset of a topological space X then S denotes the closure of S in X. We
write S when there is no possibility of confusion.

Definition 1.19. Let X be a Tychonov topological space. The Cech-Stone compactifica-
tion X of X is the compact space 5X with the dense topological embedding i : X — X,
such that for every continuous function f : X — [0,1] there ezists a continuous function

I BX — [0,1] which extends f.
Let f: X — Y be a function, where X and Y are topological spaces. We denote by
I'y the graph of f, that is
I'y={(z, f(x)) :x € X}.
The following is the closed graph theorem.

Theorem 1.20. Let X andY be topological spaces, with Y Hausdorff, andlet f : X — Y
be a function.

(a) If f is continuous then I'y is closed in X x Y.

(b) If Y is compact, then f is continuous if and only if I'y is closed in X x Y.

The hypothesis that the codomain has to be Hausdorff is necessary, as shown by the
following example. For a set X let dx and tx denote the discrete and the indiscrete
topology of X respectively.

Example 1.21. Let (X, 7) be a Hausdorff topological space with |X| > 2; for example
take 7 = 0x. Then idyx : (X,7) — (X,tx) is continuous and I'ig, = AX. Since the
topology on the codomain is indiscrete, I'ig, is dense in (X, 7) x (X, tx) and so it is not
closed.

We recall the definitions of some cardinal invariants. For a topological space X,

e the weight w(X) of X is the minimum cardinality of a base for the topology on X
and

e the density d(X) of X is the minimal cardinality of a dense subset of X.
Moreover, if x € X,

e the character x(z,X) at x of X is the minimal cardinality of a basis of the filter
of the neighborhoods of z in X, and

o the character of X is x(X) = sup,cx x(z, X).
Analogously

e the pseudocharacter ¢ (x, X) at x of X is the minimal cardinality of a family F of
neighborhoods of z in X such that ;.U = {z}, and

o the pseudocharacter of X is ¢(X) = sup,cx ¥(x, X).
In general for a Tychonov topological space X we have

P(X) < x(X) <w(X) <2¥ and |X| < 2@,
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1.4 Topological groups

As said in the introduction, all topological groups in this thesis are supposed to be
Hausdorff. If G and H are topological groups and they are topologically isomorphic,
then we write G =, H.

Lemma 1.22. Let G and G1 be topological abelian groups such that there exists a con-
tinuous surjective homomorphism f : G — Gy, and let H be a subgroup of G.

(a) If H is proper, then f~1(H) is proper.
If f is open, then:
(b) if H is dense in Gy, then f~*(H) is dense in G.

Proof. (a) The subgroup f~!(H) is proper in G since H is proper in G1 and f(f~'(H)) =
H since f is surjective.

(b) We have to prove that f~1(H) = G. Since f~!(H) contains ker f, this is equiv-
alent to

f(f~1(H)) = G
Observe that

H = f(f~'(H)) € f(f~1(H)) € f(f~'(H)) = H = G1.

Since f~1(H) is closed and contains ker f, its image f (f~1(H)) is closed. Consequently
f(f~1(H)) = H =G O

The cardinal invariants introduced in the previous section for topological spaces have
a simpler description in the case of topological groups and have additional properties.
Indeed the character has the same value at each point, since topological groups are
homogeneous topological spaces. Then x(G) is the minimal cardinality of a local base at
eq of the topology on a group G. Analogously for the pseudocharacter of a topological
group, the value of which is that at eg. Moreover we use often the following properties
of the weight.

Fact 1.23. If N is a subgroup of a topological group G, then
w(G) = w(G/N) - w(N).
If G = [];c; Gi is a product of topological groups, then w(G) = |I] - sup;e; w(G).

A net {ga}aca in a topological group G is a Cauchy net if for every neighborhood U
of e in G there exists ay € A such that g;lgg € U and g/gggl e U for every a, 8 > ay.

A Hausdorff topological group G is complete (in the sense of Raikov) if every Cauchy
net in G converges in G.

Theorem 1.24. For every Hausdorff topological group G there exists a complete topo-
logical group G and a topological embedding i : G — G such that i(G) is dense in G.
Moreover, if f : G — H is a continuous homomorphism and H is a complete topological
group, then there is a unique continuous homomorphism f : G — H with f=/foi.
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Therefore every Hausdorff topological group has a unique (up to topological isomor-
phisms) (Raikov-)completion (G, i), briefly denoted by G, and we can assume that G is
a dense subgroup of G.

Proposition 1.25. Let G, H be topological groups and let f : G — H_be a continuous
isomorphism. Then there exists a unique continuous homomorphism f : G — H which
extends f.

Definition 1.26. A topological group G is locally compact if there exists a compact
neighborhood of eq in G.

Theorem 1.27 (Structure theorem of locally compact abelian groups). If L is a locally
compact abelian group, then L is topologically isomorphic to R™ x K, where n € N and
K is a topological abelian group with a compact open subgroup K.

A theorem of the following form is known as an open mapping theorem. We give it
here for compact groups, but it has a more general version in which G is locally compact
and o-compact and H is locally compact. (A Tychonov topological space is o-compact
if it is the union of countably many compact subsets.)

Theorem 1.28. Let G and H be topological groups. If G is compact and f: G — H 1is
a continuous surjective homomorphism, then f is open.

Theorem 1.29. Let G be a topological group and let N be a dense subgroup of G.
If L is another subgroup of G and m : G — G/L is the canonical projection, then
7w [nN: N — w(N) is open if and only if NN L = L.

1.4.1 Pontryagin-van Kampen duality

For the results in this section we refer to [31, 50].
The circle group T is identified with the quotient group R/Z of the reals R and carries
its usual topology.
A character of a topological abelian group G is a continuous homomorphism from G
to T. Define
G = {x € Hom(G, T) : x character of G};

it is the dual group of G if it is endowed with the compact-open topology: the family
{W(K,U): K C G is compact and U is an open neighborhood of 0},

where W(K,U) = {y € G : x(K) C U}, is a base of the neighborhoods of 0 in G.

For a subset S of G the annihilator of S in G is A(S) = {x € G : x(A) = {0}} and for
a subset T of G the annihilator of T in G is A(T) = {z € G : x(z) = 0 for every x € T}.
We have that A(A(S)) = S.

Theorem 1.30 (Pontryagin duality theorem). [50, 58] Let L be a locally compact abelian
group. Then L is a locally compact abelian group and
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(a) the assignment H — A(H) is an order-inverting bijection (i.e., a Galois corre-
spondence) between the family of all closed subgroups of L and the family of all
closed subgroups of L;

(b) Jor every closed subgroup H of L the dual group H is topologically isomorphic to
L/A(H);

(¢c) wy: L — L, defined by wr(z) : L — T for every x € L, where wi(z)(x) = x(z)
for every x € L, is a canonical topological isomorphism;

(d) L is compact if and only if L is discrete;

(e) Lx H is topologically isomorphic to L x H.
In view of the canonical topological isomorphism in (c) it is possible to identify L
and L.

Lemma 1.31. Let L be a locally compact abelian group and H a subgroup of L. Then
A(H) is topologically isomorphic to L/H .

As a consequence of Theorem 1.30 and this lemma we have the following results.

Fact 1.32. Let L be a locally compact abelian group. Then
(a) L[p| Ztop L/pL; and
(b) (L) = A(t(L)).

Fact 1.33. For a topological abelian group K, which is either compact or discrete, and
form e N, mK is topologically isomorphic to mkK.

Proof. By Theorem 1.30(b) mK is topologically isomorphic to Ii /K[m], since A(mK) =
K[m]. There exists a continuous isomorphism K /K[m| — mK and it is open; this is
true by Theorem 1.28 in case K is compact and it is obvious if K is discrete. Hence
mK =4, mK. ]

If K is a topological abelian group which is either compact or discrete, then K is
bounded torsion if and only if K is bounded torsion.

Example 1.34. It is known that T is Z, R is R, Z, is Z(p>) for p € P, and Z/(\m) is
Z(m) for m € N,

Also the next is a consequence of Theorem 1.30 and Lemma 1.31.
Lemma 1.35. Let L be a locally compact abelian group and
{0} - H—L—L/H — {0}
a short exact sequence. Then
0— L/H=A(H) — L — H=TL/AH) — {0}

s a short exact sequence as well.
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We often apply these results in the following chapters referring to them as Pontryagin
duality in general, that is without a precise reference.

1.4.2 Pseudocompact and precompact groups

As a direct consequence of the definition continuous image of a pseudocompact is pseudo-
compact. The next is a useful property about the algebraic structure of pseudocompact
abelian groups.

Fact 1.36. [16, 21, 34] Let G be a pseudocompact abelian group. Then either G is
bounded torsion or ro(G) > c.

The next theorem about the cardinality of pseudocompact groups is due to van
Douwen.

Theorem 1.37. [67] If G is an infinite pseudocompact abelian group, then
o |G| > ¢, and
o if |G| is a strong limit, cf(|G]) > w.

From this theorem it follows that a pseudocompact abelian group is either finite or
of size > c.

A topological group G is precompact if for every open neighborhood U of 0 in G there
exists a finite subset F' of G such that FU = UF = G. Furthermore G is precompact if
and only if its completion G is compact [69].

Let G be an abelian group. Then G# denotes G endowed with the Bohr topology,
i.e., the initial topology of all characters in Hom(G, T). As all group topologies generated
by characters, G* is precompact. If A < Hom(G,T), let T4 denote the initial topology
on G of all characters in A; it is proved in [17] that

w(G,Tx) = |Al. (1.1)
Moreover from [53] it is known that
|Hom (@, T)| = 2/¢1. (1.2)
Claim 1.38. If G is an abelian group, then w(G#) = 2/61.

Proof. Since G* = (G, Tg), from (1.1) and (1.2) it follows that w(G#) = |Hom(G, T)| =
2161, O

Every pseudocompact group is necessarily precompact [18, Theorem 1.1]. The con-
verse implication is not true in general:

Claim 1.39. [19] If G is an infinite abelian group, then G is non-pseudocompact.

Proof. It can be proved that G admits a subgroup H such that |G/H| = w. In G¥ every
subgroup is closed; in particular H is closed. Then G/H is pseudocompact of size w.
This is in contradiction with Theorem 1.37. ]
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1.5 General properties of compact groups

For p € P and for a subset m C P consider the metrizable compact abelian groups

Gy = [ z(") and S, =]]Z().

neNL qe™

Clearly, G, is non-torsion, while Sy is non-torsion if and only if 7 is infinite. These
groups play a special role in the main chapters of this thesis.

In the following fact we recall some general properties of compact abelian groups,
which are used in this thesis (without giving explicit references).

Fact 1.40. [50, 51| Let K be a compact infinite abelian group. Then:
(a) |K| =205 and w(K) = |K];
(b) d(K) =logw(K);
(c) Y(K) = x(K) = w(K);
(d) the following conditions are equivalent:

1. K is connected;
2. K is divisible;

3. K 1is torsion free.

The first property in (a) implies that |K| > w(K). This does not hold true in general
for precompact groups. Indeed w(G#) = 2/ > |G| for every infinite abelian group G
by Claim 1.38.

For a topological group G we denote by ¢(G) the connected component of the neutral
element eg in G. A topological group G is connected if G = ¢(G), while G is said to be
totally disconnected if ¢(G) is trivial.

The following is a consequence of Pontryagin duality.

Fact 1.41. Let K be a compact abelian group. Then there exists a continuous surjective
homomorphism K — Tw(e(E),

Proof. In fact, if X = K, X has X/t(X) as a quotient and X/t(X) = CTI?) by Fact
1.32(b) and Theorem 1.30(b). Consequently X /t(X) is a torsion free group of cardinality
w(c(K)) and so there exists an injective homomorphism Z®((5)) — X/t(X). Therefore
there exists an injective homomorphism Z®((X))) —, X By Lemma 1.35 there exists a
continuous surjective homomorphism K — Tw(c(X)). O

We recall that totally disconnected compact abelian groups are precisely profinite
abelian groups [61]. Profinite groups are topological groups isomorphic to inverse limits
of an inverse system of finite groups. For a prime p, a group G is a pro-p group if it is
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the inverse limit of an inverse system of finite p-groups. Equivalently a pro-p group is a
profinite group G such that G/N is a finite p-group for every open normal subgroup N
of G. Moreover the compact Z,-modules are precisely the abelian pro-p groups.

The following are other applications of Pontryagin duality.

Fact 1.42. If L is a locally compact abelian group, then:
(a) L is profinite if and only zfi is torsion;
(b) L is a pro-p group if and only z'fi is p-torsion.

Lemma 1.43. Let K be a compact abelian group. Then there exists a totally discon-
nected closed subgroup N of K such that K = N + ¢(K).

Proof. Let X = K and let S be a maximal independent subset of X. Put Y = (S) and
N = A(Y'). Thus N is a closed subgroup of K. By Fact 1.42(a) N is totally disconnected,
since N =, )?/T/ and X/Y is torsion. Recall that ¢(K) = A(¢(X)) by Fact 1.32(b).
Consequently K = N + ¢(K), because Y N¢(X) = {0} and so K = A(Y Nt(X)) =
AY) 4+ A(t(X)) = N + ¢(K). O

Let p be a prime number and K a compact abelian group. The topological p-
component of K is the subgroup K, = {r € K : p"z — 0 in K, where n € N}
[31]. The p-component T),(K) of K is the closure of K.

The subgroup K, has a natural structure of Z,-module, which is very useful: iden-

tifying K with K in view of Theorem 1.30(c), K, can be viewed as Hom(K, Z(p™))
(while K is Hom(K,T)) [31, §4.1]. So K has its Z,-rank. This structure of Z,-module
permits to have a better knowledge of K. For example, if z € K, denoting with (z)z,
the Z,-submodule of K, generated by x, then

Y ~ L
xTr) = (T =
(@) = @)z, Stop {Z(pn) for some n € Ny
For example K = T is not a Z,-module, but for every p € P K, = Z(p™) is a
Zy-module.
For a compact abelian group K and p € P we define

pp(K) = rankz, (Kp).

So this is the generalization of the Z,-rank to all compact abelian groups: the Z,-rank
can be defined properly only for Z,-modules, but we have seen that, if K is a compact
abelia group, K, is a Z,-module for every p € P.

For the sake of easier reference we recall here also the following useful and well known
property of the totally disconnected compact abelian groups.

Remark 1.44. Let K be a compact abelian group and p € P. Following [31] the p-
component can be defined also as Tj,(K) = (\{nK : n € Ny, (n,p) = 1}. Thanks to
this equivalent definition it is easy to see that T,(K) D ¢(K) for every p € P and so
mT,(K) 2 me(K) = ¢(K) for every m € Ny and for every p € P.
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(a) If N is a closed subgroup of K then T,(N) = N, C K, = T,(K).

(b) If K is totally disconnected, K, is closed and so T),(K) = K, for every p € P; each
K, is a compact Z,-module. Moreover K =,, HpE[F’ K, and every closed subgroup
N of K is of the form N =, HpEIP’ N,, where each N, is a closed subgroup of K,
[5],[31, Proposition 3.5.9].

(c) Let L = K/c(K) and let 7 be the canonical projection of K onto L. Then 7 [7, (k)
T,(K) — T,(L) = Ly, is surjective and T,(K) = n~1(L,) [31, Proposition 4.1.5].

(d) If w(c(K)) < Kk, where k is an infinite cardinal, then:
(d1) w(TH(K)) < k if and only if w(L,) < k, and
(d2) w(pTy(K)) < k if and only if w(pLy) < k.

(e) If K is connected, then K, is dense in K. Consequently, if H < K, then H, =
K,NH.

(f) If K, = {0}, then K is totally disconnected.

1.5.1 Properties of compact Z,-modules

Lemma 1.45. Letp € P and K be a compact Zy,-module. Then K has a closed subgroup
N such that:

(a) N Zyop Z3 for some cardinal o;
(b) K/N Zyop 1021 Z(p™)*, for some cardinals o, with n € Ny.

(c) m(K[p"]) = (K/N)[p"] for every n € Ny, where m : K — K/N is the canonical
projection.

In particular 0 = N — K — K/N — 0 is a short exact sequence.

Proof. (a,b) The dual X of K is a p-group by Fact 1.42(b). Then it is possible to apply
Remark 1.17 to find a basic subgroup By = @2, Z(p™)(®») of X, for some cardinals

an, n € Ny, with X/By = Z(p>®)(@) for some cardinal 0. By Pontryagin duality we
can identify K and X. Let B = E) and N = A(Boy) Ziop )?/EO top Ly by Pontryagin
duality. Moreover K/N =,, B =, [[,2, Z(p™)*", again applying Pontryagin duality.
(c) It is clear that w(K[p™]) C (K/N)[p"]. To prove that w(K[p"]) D (K/N)[p"], first
note that for
W={zeK:p'z e N},

we have W = 7= 1((K/N)[p"]) (so in particular 7(W) = (K/N)[p"]). Then it is sufficient
to prove that

W =N + K[p"].
Since W and N + K|[p"] are closed subgroups, to prove that they coincide it suffices
to prove that their annihilators coincide. Since W = 7~ 1((K/N)[p"]), obviously W D
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N + K[p"]. Consequently A(W) C A(N) N A(K[p"]) = BoNp"X = p"By. The last
equality follows from the purity of By (see Remark 1.17). But we have also

AW)={xeX:Vz e K) p"z € N= x(z) =0} D p"A(N) = p"By.
Therefore A(W) = A(N) N A(K[p"]), that is W = N + K[p"]. O

Lemma 1.46. Let x be an infinite cardinal, let p € P, and let K be a compact Zy-
module. Suppose that there exists m € Ny such that w(p™K) < k, but w(p™ 'K) > k.
Then there exist a compact Z,-module K, of weight < k and a compact bounded torsion
abelian group B, Ziop [y Z(p™)*", for some cardinals o, with n € Ny, such that

gtop K/ x B
and oy > K.

Proof. The dual X of K is a p-group by Fact 1.42. Then it is possible to apply Remark
1.17 to find a basic subgroup of X, namely By = @, , Z(p™) (@) | for some cardinals
o, with n € N, such that X/By = Z(p>)@ for some cardinal o. Following the
notations of Remark 1.17 let By, = @, Z(p") ) and Bym = @0, Z(p™)@);
then X = Xy ,,, ® By, where X1 ,, = p" X + Ba .
Let
o o m
Ky, = Xl,m and B, = Bl,m gtop H Z(pn)an'
n=1

Thanks to Pontryagin duality we can write
K Z0p Ky X By,
By the hypothesis w(p™ 1K) > k. Moreover
P IK 240, p™ N (K X Brn) = 0™ K x p™ By,

Since | X1 ,m| < K, because [p" X | < &, it follows that |Bg,,| < . Consequently w(Ky,)
| X1,m| < k. Hence w(p™1B,,) > k, that is a,, > k.

Ol

1

Under the hypotheses and notations of Lemma 1.46, since X1 ,,/Bam = X/By
Z(p>=)(?) in view of Remark 1.17, by Pontryagin duality K, has a subgroup N,, isomor-
phic to Zg such that Ky, /Np Zop [1,2; Z(p")*".

1.5.2 Essential dense and totally dense subgroups

Lemma 1.47. Let G be a topological abelian group and let H be a subgroup of G.
(a) If H is essential in G, then H D Soc(G).

(b) If H is totally dense in G, then H D t(QG).
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Proof. (a) If x € Soc(G), then (x) is a finite (so closed) subgroup of G of prime exponent;
since H is essential in G, H N (x) # {0} and so H > (z).

(b) If x € t(@), then (x) is a finite (so closed) subgroup of G; since H is totally dense
in G, H N (x) is dense in (z) and so H > (z). O

Example 1.48. The subgroup ¢(T) = Q/Z of T is totally dense in T and |Q/Z| < |T|. In
view of Lemma 1.47(b) a subgroup H of T is totally dense in T if and only if H O Q/Z.

Analogously Soc(T) is essential in T, with [Soc(T)| < |T|, and in view of Lemma
1.47(a) a subgroup H of T is essential in T if and only if H D Soc(T).

The next lemma shows that essentiality and total density preserve by taking inverse
images of continuous surjective homomorphisms.

Lemma 1.49. Let K and K1 be compact abelian groups such that there exists a contin-
uwous surjective homomorphism f : K — Ky, and let H be a subgroup of K. Then:

(a) if H is essential in Ky, then f~1(H) is essential in K;
(b) if H is totally dense in K1, then f~Y(H) is totally dense in K.

Proof. (a) Let N be a non-trivial closed subgroup of K. Since N is compact and f is
continuous, f(N) is compact and so f(N) is closed in Kj. If f(NN) is non-trivial, then
HN f(N) # {0} and so there exists h # 0 in H N f(N); hence h = f(n) for some n # 0
in N and consequently 0 #n € f~'(H)NN. If f(N) = {0}, then N C ker f C f~1(H).
This proves that f~(H) is essential in K.

(b) Let N be a non-trivial closed subgroup of K. Since N is compact and f is
continuous, f(N) is compact and so f(N) is closed in Kj. If f(N) is non-trivial, then
H N f(N) is dense in f(N) and so f~'(H) N N is dense in N. If f(N) = {0}, then
N Cker f C f~Y1(H). This proves that f~!(H) is totally dense in K. O

The next “(total) minimality criterion” shows that for dense subgroups of compact
groups to be minimal is equivalent to be essential and to be totally minimal is equivalent
to be totally dense. So it is possible to choose the point of view in studying them.

Theorem 1.50. [30, 31, 48, 59, 64] A dense subgroup H of a compact group K is
minimal (respectively, totally minimal) if and only if H is essential (respectively, totally
dense) in G.

The following theorem is a criterion for the (total) minimality of a subgroup of a
compact abelian group. It follows from [31, Theorem 4.3.7] or [4, Theorem 3.1]. It shows
that essentiality and total density can be studied locally. They depends on intersections
with closed subgroups isomorphic either to Z(p) or to Z,,.

Theorem 1.51. Let K be a compact abelian group and H a subgroup of K. Then the
following conditions are equivalent:

(a) H is essential (respectively, totally dense);
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(b) HN N # {0} (respectively, H NN £ pN) for every p € P and for every closed
subgroup N of K such that N is isomorphic either to Z(p) or to Zy;

(¢) Soc,(K) C H and HN N # {0} (respectively, t,(K) C H and HNN £ pN) for
every p € P and for every closed subgroup N of K such that N is isomorphic to
L.

This theorem shows that the total density and the essentiality of a dense subgroup
of a compact abelian group K can be verified in K, for every p € P, as stated in the next
result. Indeed a closed subgroup of K isomorphic either to Z, or to Z(p) is contained in
K.

Corollary 1.52. Let K be a compact abelian group and H a subgroup of K. Then H is
essential (respectively, totally dense) in K if and only if HNK), is essential (respectively,
totally dense) in K, for every p € P.

We recall the definition of two cardinal invariants which measure the size of essential
dense and totally dense subgroups respectively. We study them in the case of compact
abelian groups, but they can be defined for arbitrary topological groups.

Definition 1.53. For a topological group G let

ED(G) =min{|H| : H < G essential dense},and
TD(G) = min{|H| : H < G totally dense}.

These cardinal invariants were introduced for compact groups in [65] (see also [31,
§5.3]) under the name M (—) and T'M(—) respectively. Indeed, for a compact group K
M(K) was defined as the minimal cardinality of a dense minimal subgroup of K and
TM(K) as the minimal cardinality of a dense totally minimal subgroup of K. They are
the same as ED(K) and TD(K) in view of Theorem 1.50.

Both ED(—) and T'D(—) are monotone under taking closed subgroups. Moreover
T D(—) is monotone also under taking quotients by closed subgroups. In general, since a
totally dense subgroup is necessarily essential dense, ED(G) < T'D(G). But for compact
abelian groups they coincide:

Fact 1.54. [65, Proposition 3 or Theorem 4| If K is a compact abelian group, then
ED(K)=TD(K).

For a topological Zy-module, the Z,-rank and ED(—) and T'D(—) are strictly related
and if the Z,-rank is sufficiently large, they all coincide with the cardinality, as shown
by Fact 1.56. When the Z,-rank is finite the situation is more complicated. We give an
idea of this in the next example.

Example 1.55. [31, Proposition 3.5.11 and Corollary 3.5.12] Let o be a cardinal and
p € P. Then:
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1 ifo=1
rankz, (Zp) =40 ifl<o<w
29 ifo>w

w fo=1
TD(Z;):ED(Z;;): ¢ fl<o<w
29 fo>w

So rankg, (Z7) = ED(Zj) = TD(Zg) if and only if o is infinite. Moreover this shows
that

e ED(Z7) = |Zg| if and only if 0 > 1, and that
e ranky, (Z7) = ED(Z}) = |Z3| if and only if 0 > w.
The precise result about Z,-modules is the following.

Fact 1.56. [4, Lemma 3.7] Let p € P and let M be a topological Z,-module.
(a) If either rankz, (M) > 2 or rp(M) > ¢, then ED(M) = TD(M) = |M].
(b) If rankz, (M) <1 and rp,(M) < ¢, then TD(M) < w - rp(M).

Following [4] we introduce the class of Prodanov
P = {G topological abelian group : TD(G) < w}.

The compact abelian groups K € P have special behavior and structure and they are
described in [60]; in particular they are metrizable by the following result.

Fact 1.57. [4, Lemma 2.4] If K is a compact abelian group, then ED(K) > w(K).

As a direct consequence of Fact 1.56 we have the following characterization of Z,-
modules belonging to P and a description of their cardinality. If K is a compact abelian
group, then K, is a topological Z,-module such that K,[p] is compact, that is K, has
the property requested in the next result.

Corollary 1.58. Let p € P and let M be a topological Z,-module such that M][p] is
compact. Then:

(a) M € P if and only if rankz, (M) <1 and r,(M) is finite;
(b) if M € P, then | M| <¢;

(c) if M & P then |M| = c-rankg, (M) - r,(M).
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Proof. (a) Since M [p] is compact, it is either finite or |M[p]| > ¢ by Theorem 1.37. Then
apply Fact 1.56.

(b) Consider the short exact sequence {0} — t(M) — M — M/t(M) — {0}. By (a)
rankz, (M) < 1 and 7,(M) is finite; so [M/t,(M)| < ¢ and |t,(M)| < w. Consequently
|M| = [M/t,(M)] - [tp,(M)] < c.

(c) Since M ¢ P, by (a) either rankz, (M) > 2 or rp(M) is infinite. If rankz, (M) > 2,
then apply Lemma 1.15. If rankz, (M) < 1, necessarily r,(M) is infinite. Since M p]
is compact, |[M[p]| > ¢ by Theorem 1.37 and so r,(M) > ¢. If rankz, (M) = 1, then
|M| = ¢-rankg, (M) -r,(M) by Lemma 1.15. If rankz, (M) = 0, then |M| = r,(M) again
by Lemma 1.15 and so |[M| = ¢ - rankz, (M) - r,(M) also in this case. O

In case the Z,-modules of this corollary are compact, this is a particular case of the
general characterization of compact abelian groups belonging to P given in [60]:

Remark 1.59. Let K be a compact abelian group. Then
K € P if and only if r,(K) < w and p,(K) < 1 for every p € P [60],

i.e., if and only if K, € P for every p € P. Since each K, is a topological Z,-module,
Corollary 1.58(a) describes when K, € P.
Let
mp(K)={pelP: K, ¢ P}
Then K € P if and only if mp(K) is empty.

Thanks to this characterization we see that
if K is a compact abelian group and K ¢ P, then ED(K) =TD(K) > «¢.

Indeed, if r,(K) is infinite, then r,(K) > ¢ and so ED(K) > r,(K) > ¢ in view of
Lemma 1.47(a); and if p,(K) > 2, then K contains a subgroup isomorphic to Z3 and
ED(Z2) = ¢ by Example 1.55. So ED(K) > «.

From now on we consider groups that do not belong to the already described class
P.

As a consequence of results in [4], Theorem 1.61 gives a precise value of ED(—) and
TD(—) for compact abelian groups not belonging to P. A fundamental step for the
proof of this theorem is the connected case:

Fact 1.60. [4, Theorem 3.11] If K is a connected compact abelian group such that
K ¢ P, then ED(K)=TD(K) = |K]|.

This fact was proved for non-metrizable compact abelian groups in [20] and gen-
eralized for non-metrizable compact (non-necessarily abelian) groups in [15, Theorem

5.6].

Theorem 1.61. Let K be a non-metrizable compact abelian group. Then

TD(K) - | K| if w(K) =w(c(K)) or 3 p €P such that w(K) = w((K/c(K))p)
2<wE) if w(K) > w(e(K)) and w(K) is a limit cardinal.
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Proof. Suppose that w(K) = w(c(K)). By Fact 1.60
TD(c(K)) = |e(K)| = 2v) = 2v(F) = | K|,

Since TD(K) > TD(c(K)), it follows that TD(K) = |K|. If w(K) = w((K/c¢(K)),) for
some p € P, then (K/c(K)), is non-metrizable and so by Fact 1.56

TD((K/e(K))p) = |[(K/e(K))p| = 2B/ WD) = 24050 = |k,

Since TD(K) > TD((K/c¢(K)),), so TD(K) = |K|.

Suppose that w(K) > w(c(K)) and that w(K) is a limit cardinal. Consequently
w(K/c(K)) = w(K) is a limit as well. In view of [4, Theorem 3.12] TD(K/c(K)) =
g<w(K/e(K)) = 9<w(K) " Since [4, Theorem 3.14] says that

TD(K) = |e(K)| - TD(K/c(K)),
we have
TD(K) = gu(e(K)) | 9g<w(K)
Since w(c(K)) < w(K), 2w . g<w(K) — 9<w(K) and so TD(K) = 2<wK), O

This theorem does not hold for K metrizable. For example for ZIQ, we have seen in
Example 1.55 that TD(ZIQ)) = ¢, while the theorem would imply that it was w. This
argument holds also for [4, Theorem 3.12], which is true with the hypothesis that K is
non-metrizable.



Chapter 2

r-Pseudocompactness

Since w-pseudocompactness coincides with pseudocompactness [54, Theorem 2.1, k-
pseudocompactness is the natural generalization of pseudocompactness for all infinite
cardinals x. If Kk > X\ are infinite cardinals, x-pseudocompactness implies A-pseudocom-
pactness and in particular pseudocompactness.

As Ggs-sets and Gg-density are fundamental to work with pseudocompact spaces,
G-sets and G-density were introduced for k-pseudocompactness:

Definition 2.1. [44] Let k be an infinite cardinal and let X be a Tychonov topological
space.

o A Gy-set S of X is the intersection of k many open subsets of X.

o A subset D of X is Gy-dense in X if D has non-empty intersection with every
Gg-set of X.

The G-sets for kK = w are the Gs-sets. A Tychonov topological space X has (X)) <
k precisely when {z} is a Gx-set of X for every z € X. So if D is a Gy-dense subset of
X and ¢¥(X) < k, then D = X.

Here we introduce the P,-modification of a given topology (generalizing the P-
modification):

Definition 2.2. Let k be an infinite cardinal and let (X, T) be a Tychonov topological
space. Then P,T denotes the topology on X generated by the Gy-sets of X, which is
called P,-topology.

Obviously 7 < P,7. If X is a topological space, we denote by P X the set X endowed
with the P,-topology. Note that Y C X is Gk-dense in X if and only if Y is dense in
P.X.

In this chapter we give properties of k-pseudocompact groups and characterize them
in terms of their completion. Then we introduce the family A.(G,7) of “big” closed
normal subgroups of a k-pseudocompact group (G, 7), which turns out to be a local
base at e of the Pc-modification of 7. Moreover we study the P.;-modification of the
Bohr topology of topological abelian groups.

21
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2.1 Characterization

Remark 2.3. Let k be an infinite cardinal. An equivalent definition of k-pseudocom-
pactness is the following:

a Tychonov topological space is k-pseudocompact if for every continuous
function f : X — Y, where Y is a Tychonov topological space of weight < x,
f(X) is compact.

Indeed every Y can be seen as a subspace of [0,1]* C R* by Tychonov theorem [40].

It immediately follows from this equivalent definition that a k-pseudocompact space
of weight < k is compact. We use often this fact.

In the next remark we show how k-pseudocompactness can be introduced using a
cardinal invariant.

Remark 2.4. Let X be a Tychonov topological space and let

o0 if X is compact

min{x : 3 continuous f: X — R": f(X) non-compact} otherwise

psc(X) = {
be the level of pseudocompactness.
Let k be an infinite cardinal. Then X is k-pseudocompact if pse(X) > k.
We give properties of G-sets and G -dense subsets:

Lemma 2.5. Let k be an infinite cardinal and let X be a Tychonov topological space.
Let ZCY C X.

(a) If Z is a Gy-set of Y and Y is a G.-set of X, then Z is a Gy-set of X.
(b) If Z is Gx-dense in'Y and Y is G-dense in X, then Z is Gx-dense in X.

Proof. (a) By hypothesis Y = (,_,. Uy and Z = (,_,. Vi, where U, is open in X and
V) is open in Y for every A < k. For every A\ < k there exists an open subset W) of X
such that V) = WyNY. Consequently Z = (.. VA = [ WaNY =N, .(WaNUy).
This proves that Z is a G-set of X.

(b) Let W be a non-empty Gy-set of X. Then W NY is a non-empty Gy-set of Y,
because Y is G-dense in X. Since Z is Gx-dense in Y, WNYNZ = WNZ is non-empty.
This proves that Z is Gx-dense in X. 0

Fact 2.6. Let k be an infinite cardinal. Let X,Y be Tychonov topological spaces, [ :
X —Y a continuous surjective function and D a subset of X.

(a) If D is dense in X, then f(D) is dense in'Y.
(b) If D is Gx-dense in X, then f(D) is G-dense in'Y .

(c) If D is k-pseudocompact, then f(D) is k-pseudocompact.
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Proof. (a) Let U be an open subset of Y. Then f~!(U) is an open subset of X. By
the hypothesis D N f~1(U) is not empty. So there exists x € D N f~1(U). Then
f(z) € f(D)NU, which is not empty. This proves that f(D) is dense in Y.

(b) Let W =, Ux be a Gu-set of Y. Then f~(W) =, [ 1 (U)) is a G-set
of X. By the hypothesis D N f~1(W) is not empty. So there exists x € D N f~H(W).
Then f(z) € f(D)N W, which is not empty. This proves that f(D) is Gx-dense in Y.

(c) follows from the definition of k-pseudocompact space. O

To work with x-pseudocompact groups we need a characterization of them similar to
that of pseudocompact groups given by Comfort and Ross theorem:

Theorem 2.7. [18, Theorem 4.1] Let G be a precompact group. Then the following
conditions are equivalent:

(a) G is pseudocompact;

(b) G is Gs-dense in G;

(¢) G is dense in PG;

(d) every continuous function f: G — R can be extended to é;
(e) every continuous function f : G — R is uniformly continuous;
(f) G =5G.

We find the wanted characterization in Theorem 2.12 combining Theorem 2.7 with
Corollary 2.11.

Definition 2.8. [44, Definition 1.1] Let k be an infinite cardinal. A subset B of a Ty-
chonov topological space X is C\-compact in X if f(B) is compact for every continuous
function f: X — R”.

Consequently a Tychonov topological space X is k-pseudocompact if and only if X
is Cx-compact in X. Moreover we have the next property.

Claim 2.9. Let k be an infinite cardinal and let X be a Tychonov topological space. If
Z CY CX and Z is Cx-compact in'Y, then Z is Cx-compact in X.
In particular, if Z is a k-pseudocompact Tychonov topological space, then Z is Cy-

compact in X, for every Tychonov topological space X such that Z is a subspace of
X.

The following is the main theorem about Cy-compactness.

Theorem 2.10. [44, Theorem 1.2] Let k be an infinite cardinal, let X be a Tychonov
topological space and B a subset of X. Then the following conditions are equivalent:

(a) B is Cy-compact;
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(b) f(B) is compact for every continuous function f : X — Y, where Y is a Tychonov
topological space of weight < k;

(¢) B is G-dense in BX,

As a consequence of Theorem 2.10 and using Claim 2.9, we have the next result,
which generalizes for every infinite cardinal  a result of Hewitt [49].

Corollary 2.11. Let k be an infinite cardinal. A Tychonov topological space X is k-
pseudocompact if and only if it is G-dense in BX.

The next theorem characterizes a x-pseudocompact group in terms of its completion.

Theorem 2.12. Let s be an infinite cardinal and let G be a precompact group. Then
the following conditions are equivalent:

(a) G is k-pseudocompact;
(b) G is Gy-dense in G = BG;
(c) G is dense in P.G.

Proof. Both conditions (a) and (b) imply that G is pseudocompact. So in particular
G = G by Theorem 2.7. Then (a)<(b) is given precisely by Corollary 2.11.

(b)<(c) is obvious. O

As a consequence of this theorem, we can give a fundamental example of non-compact
k-pseudocompact groups.

Example 2.13. Let x be an infinite cardinal and let G = [[;,.; G; be a product of
topological groups, such that [{i € I : G; # {eg}}| > k. The X,-product .G is G-
dense in G. Moreover it is proper, because ¥,G N AG = {eg}. If G is compact, then
¥ G is non-compact and k-pseudocompact in view of Theorem 2.12.

The next are other consequences of Theorem 2.12.

Corollary 2.14. Let k be an infinite cardinal. Let G be a topological group and D a
dense subgroup of G. Then D is k-pseudocompact if and only if D is Gx-dense in G and
G is k-pseudocompact.

Proof. Suppose that D is k-pseudocompact. It follows that D is compact and D is
Gx-dense in D by Theorem 2.12. Since D is dense in G, so D = G and hence D is
G-dense in G. Moreover G O D and so G is G.-dense in G. By Theorem 2.12 G is
k-pseudocompact.

Assume that G is k-pseudocompact and that D is Gk-dense in GG. Since G is Gg-
dense in G by Theorem 2.12 and since D is G-dense in G, it follows from Lemma 2.5(b)
that D is G.-dense in G = D. Hence D is k-pseudocompact by Theorem 2.12. O
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Lemma 2.15. Let k be an infinite cardinal. Let G be a topological group and H a
k-pseudocompact subgroup of G such that H has finite index in G. Then G is k-
pseudocompact.

Proof. 1t suffices to note that each (of the finitely many) cosets zH is k-pseudocom-
pact. ]

The following lemma is the generalization to k-pseudocompact groups of [16, Theo-
rem 3.2].

Lemma 2.16. Let k be an infinite cardinal. If G is a k-pseudocompact group and
Y(G) < K, then G is compact and so w(G) = Y(G) < k.

Proof. Since ¢(G) < k, it follows that {eg} = (., Ux for neighborhoods Uy of e in G
and by the regularity of GG it is possible to choose every U), closed in G. Let K = G. Then

Macr mK contains a non-empty G-set W of K. Moreover GNW C G N[, aK =
{eg} and W\ {eg} is a G.-set of K. Since G is Gy-dense in K by Theorem 2.12, this
is possible only if W = {eg}. Then ¢(K) < k and this is equivalent to say that P;K is
discrete. Since G is dense in P,K = (K, dk) in view of Theorem 2.12, we can conclude
that G = K. Then G is compact and w(G) = ¥(G) < k. O

2.2 The family A.(G)

Let G be a topological group and x an infinite cardinal. We define
A.(G) ={N <G : N closed G-subgroup}.

The family A, (G) is denoted by A(G) (see [16, 29]). For x > X infinite cardinals
Ax(G) 2 AN(G).

In Theorem 2.20 we prove that for k-pseudocompact groups the families in the fol-
lowing claim coincide.

Claim 2.17. Let k be an infinite cardinal and let G be a topological group. Then
A(G) D {N <G :closed, Y(G/N) <k} D{N <G :closed, w(G/N) < k}.

Proof. Let N be a closed normal subgroup of G and suppose that w(G/N) < k. It
follows that ¥/(G/N) < k. So N is a Gx-set of G and hence N € A,(G). O

The following lemma shows in particular that A,(G) is a local base at e of P,G, for
a precompact group G. For k = w, it is [16, Lemma 1.6], which is applied in the proof.

Lemma 2.18. Let k be an infinite cardinal. Let G be a precompact group and W a G-
set of G such that eq € W. Then W contains some N € A.(G) such that (G/N) < k.
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Proof. Let W = (., Ux, where Uy is an open neighborhood of eg in G for every
A < k. Let A < k. Since Uy is open and eg € U,, in particular U, is a Gg-set of G
containing eg. Then there exists Ny € A(G) such that Ny C Uy and ¥(G/Ny) < w
[16, Lemma 1.6]. Let N = (1y_,.Nx. Then N € A.(G). Moreover ¢(G/N) < &k
because there exists a continuous injective homomorphism G/N — [],_,. G/Ny and so

V(G/N) < P([Thew G/NN) < 5 O

A consequence of the next corollary is that {zN : 2 € G,N € A,(G)} is a base of
PG, in case (G is a precompact group.

Corollary 2.19. Let k be an infinite cardinal. If G is precompact and W is a G-set
of G, then there exist a € W and N € A(G) such that aN C W. So a subset H of G
is Gy-dense in G if and only if (xN)N H # 0 for every x € G and N € A,(G).

The next theorem and the first statement of its corollary were proved in the case
k = w in [16, Theorem 6.1 and Corollary 6.2].

Theorem 2.20. Let x be an infinite cardinal and let G be a precompact group. Then G
is k-pseudocompact if and only if w(G/N) < k for every N € Ay (G).

Proof. Suppose that G is k-pseudocompact and let N € A, (G). By Lemma 2.18 there
exists L € Ax(G) such that L < N and ¢(G/L) < k. Thanks to Lemma 2.16 we have
that G/L is compact of weight w(G/L) = ¢ (G/L) < k. Since G/N is continuous image
of G/L, it follows that w(G/N) < k.

Suppose that w(G/N) < & for every N € A.(G). By Theorem 2.12 and Corollary
2.19 it suffices to prove that xM NG # 0 for every z € G and every M € A (G) So
let 2 € G and M € A.(G). Let 7 : G — G/M be the canonical projection, 7 = 7 |¢
and N = GN M. Hence N € A,(G). By the hypothesis w(G/N) < k and so G/N is
compact. Since m(G) is continuous image of G/ kerm = G/N, so 7(G) is compact as
well. Since G is dense in G, by Fact 2.6(a) 7(G) is dense in G/M and so n(G) = G/M.
Therefore M € w(G) = {gM : g € G} and hence M = gM for some g € G, that is
g € M N G, which consequently is non-empty. O

Corollary 2.21. Let k be an infinite cardinal. Let G be a k-pseudocompact abelian
group and let N € A.(G). Then:

(a) if L € Ay(N), then L € Ax(G);

(b) N is k-pseudocompact;

(¢) if L is a closed subgroup of G such that N C L, then L € Ax(G);
(d) if w(G) > K, then w(G) = w(N) for every N € Ax(G).

Proof. (a) Since N is closed in G and L is closed in N, it follows that L is closed in G.
Moreover L is a G.-set of G, because N is a Gx-set of G and L is a G-set of N and so
Lemma 2.5(a) applies.
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(b) Let L € Ag(N). By (a) L is a Gx-set of G and so there exists M € A,(G)
such that M C L by Lemma 2.18. By Theorem 2.20 w(G/M) < k and consequently
w(N/M) < w(G/M) < k. Since N/L is continuous image of N/M, it follows that
w(N/L) < w(N/M) < k. Hence N is k-pseudocompact by Theorem 2.20.

(c) Since w(G/N) < k by Theorem 2.20 and G/L is continuous image of G/N, it
follows that w(G/L) < k. Hence L € A, (G) by Claim 2.17.

(d) Let N € Ax(G). Since w(G) = w(N) - w(G/N) and w(G/N) < k by Theorem
2.20, then w(G) = w(N). O

This corollary and the following lemmas were proved in the pseudocompact case in
[29, Section 2].

Lemma 2.22. Let k be an infinite cardinal, G a k-pseudocompact abelian group and D
a subgroup of G. Then:

(a) D is Gx-dense in G if and only if D+ N = G for every N € Ay(G);
(b) if D is G.-dense in G and N € A, (G), then DN N is Gy-dense in N and G/D =
N/(DNN).
Proof. (a) follows from Corollary 2.19 and (b) follows from (a) and Corollary 2.21. [

Lemma 2.23. Let k be an infinite cardinal, G a k-pseudocompact abelian group, L a
closed subgroup of G and 7 : G — G/L the canonical projection.

(a) If N € Ay(G) then m(N) € A.(G/L).
(b) If D is a G.-dense subgroup of G/L then m=Y(D) is a G.-dense subgroup of G.

(c) If H is a k-pseudocompact subgroup of G/L, then n~'(H) is a k-pseudocompact
subgroup of G.

Proof. (a) By Theorem 2.20 we have w(G/N) < k. Since

(G/L)/m(N) = (G/L)/((N + L)/L)
and (G/L)/((N + L)/L) is topologically isomorphic to G/(N + L), it follows that
w((G/L)/m(N)) < w(G/(N + L)) < w(G/N) < k. Hence n(N) € A,(G/L) by Claim
2.17.

(b) Let N € Ax(G). Since (N +7~1(D)) = n(N)+ D and by (a) n(N) € Ax(G/L),
Lemma 2.22(a) implies that 7(N) + D = G/L. Then n(N + 7~ (D)) = G/L and so
N + 7 YD) = G. By Lemma 2.22(a) 7~1(D) is G.-dense in G.

(c) The restriction 7 10 7 1(H) — H is open. By Theorem 2.12 H is G -dense

in H. Then 7~ !(H) is Gx-dense in 7~ '(H) by (b). So n~!(H) is s-pseudocompact by
Theorem 2.12. O

The next remark explains the role of the graph of a homomorphism in relation to
the topology of the domain (see [29, Remark 2.12] for more details).
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Remark 2.24. Let (G, 7) and H be topological groups and h : (G,7) — H a homomor-
phism. Consider the map j : G — I'j, such that j(x) = (z, h(z)) for every z € G. Then
7 is an open isomorphism. Endow I'j, with the group topology induced by the product
(G, 7) x H. The topology 7y, is the weakest group topology on G such that 7, > 7 and for
which j is continuous. Then j : (G,7,) — T'j is a homeomorphism. Moreover 73, is the
weakest group topology on G such that 7, > 7 and for which A is continuous. Clearly h
is T-continuous if and only if 7, = 7.

Thanks to this remark we can give an example which shows that the condition “open”
in Lemmas 1.22(b), 1.49 and 2.23 cannot be removed.

Example 2.25. Let K = T¢, and let 7 be the usual product topology on K. If H =
H, + Hs, where H; = YK and Hy = (Q/Z)¢, then H is Gs-dense and totally dense in
(K, 7).
We prove that
ro(K/H) > c.

To see this note that ro(AK) = ¢ because AK = T. Let 7 : K — K/H be the
canonical projection. Then 7(AK) = AK/(AK N H). By Lemma 1.7 ro(AK) =
ro(AK/(AKNH))+ro(AKNH). Since ro(AKNH) = 0, because AKNH = A(Q/Z)¢,
it follows that ro(7(AK)) = ¢. Therefore ro(7(AK)) = ¢ and so ro(K/H) > c.

Since ro(K/H) > ¢, there exists a surjective homomorphism ¢ : K/H — T by Fact
1.16. Let h=pom: K — T, and let 7, be the weakest topology on K such that 7, > 7
and h is continuous, as defined in Remark 2.24. Let G = ker h. Since H C G, it follows
that G is Gs-dense in (K, 7). By Lemma 6.11(b) with k = w, Iy, is Gs-dense in (K, 7) x T
and so it is pseudocompact with the topology inherited from (K, 7) x T by Corollary 2.14
with £ = w. By Remark 2.24 (K, 13,) is homeomorphic to I';, endowed with the topology
inherited from (K,7) x T and so 73, is pseudocompact. Moreover 7, > 7; indeed I', is
not closed in (K,7) X T and so h: (K,7) — T is not continuous by Theorem 1.20.

Consider now the non-open continuous isomorphism

idg : (K, 1) — (K, 7).

We have that G is a Gs-dense and totally dense subgroup of (K,7). But G is proper
and closed in (K, 75,) and so G cannot be dense in (K, 73).

2.3 The P.-topology

The following lemma is the generalization to the P,-topology of [16, Theorem 5.16].

Lemma 2.26. Let k be an infinite cardinal and let (G, T) be a precompact abelian group
such that every h € Hom(G,T) is PyT-continuous. Then (G, P,7) = P.G¥.

Proof. Let T?; be the Bohr topology on G, that is G* = (G, ng%) By hypothesis Téf <
P.7. Then PKTé«# < P.P,7 = P,7. Moreover 7 < T§ yields P, < PKTé«E. O
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A Tychonov topological space X is of first category if it can be written as the union
of countably many nowhere dense subsets of X. (A subset Y of X is nowhere dense in
Y if the interior of the closure of Y is empty.) Moreover X is of second category (Baire)
if it is not of first category, that is if for every family {U, },en of open dense subsets of
X, also ¢y Un is dense in X.

The following theorem is a new interesting result about the Bohr topology. In the
first part of it we give a more detailed description of the topology P,G¥, while the
equivalence of (a), (b) and (c) is the counterpart of [16, Theorem 5.17] for the P-
topology. Some ideas in the proof of this second part are similar to those in the proof
of [16, Theorem 5.17], but our proof is shorter and simpler, thanks to the description in
algebraic terms of the topology P.G# given in the first part of the proof.

Theorem 2.27. Let k be an infinite cardinal and let G be an abelian group. Then
A (G#*)={N < G:|G/N| < 2%} C A (G¥) is a local base at 0 of P,G?. Consequently
the following conditions are equivalent:

() |G] <2%;
(b) P.G* is discrete;
(c) P.G¥ is Baire.

Proof. We prove first that

A(G#) = { ﬂ ker x» : xx € Hom(G,T)} C A (G™)

A<K

is a local base at 0 of P,G# and then the equality
AL(GT) = AL(GT).

If W is a Gk-set of G such that 0 € W, then W = [,_, Ux, where each U, is a
neighborhood of 0 in G# belonging to the base. This means that Uy = X;\l(V)\), where
Xx € Hom(G, T) and V) is a neighborhood of 0 in T. Therefore

W = m X5 (0) = ﬂ ker x .

A<k A<K

Each x; '(0) is a Gs-set of G¥, because {0} is a Gj-set of T, and hence ,_, x, ' (0) is
a Gy-set of G. Until now we have proved that A”(G#) is a local base at 0 of P,G¥.
Moreover it is contained in A, (G¥), because each (), ker x», where x» € Hom(G,T),
is a closed G-subgroup of G#.

It remains to prove that Al (G#) = Al/(G#). Let N =, _, ker x\ € A/L(G¥), where
every x» € Hom(G, T). Since for every A < k there exists an injective homomorphism

G/ker xy — T, it follows that there exists an injective homomorphism G/N — T*.
Then |G/N| < 2% and so N € AL (G¥).
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To prove the converse inclusion let N € A’ (G#). Then N is closed in G*, because
every subgroup of G is closed in G#. Moreover, since 7(G/N) < 2%, there exists an
injective homomorphism i : G/N — T*; in fact, G/N has a subgroup B(G/N) which
non-trivially intersects each non-trivial subgroup of G/N (i.e., B(G/N) is essential in
G/N in algebraic sense) and

B(G/N) = 2N g (5 7,(p)"» (/M)
pEP

Since ro(T*) = 2% and 7,(T*) = 2" for every p € P, there exists an injective homomor-
phism B(G/N) — T* and by the divisibility of T* this homomorphism can be extended
to G/N (the extended homomorphism is still injective by the algebraic essentiality of
B(G/N) in G/N). Let m : G — G/N and m : T" — T be the canonical projections
for every A < k. Then ) = m\ [yq) ciom: G — T is a homomorphism. Moreover
N =N, ker x» € AL(G#).

It is clear that (a)=-(b) by the first part of the proof and that (b)=-(c).

(c)=(a) Suppose for a contradiction that |G| > 2%. We prove that P,G¥ is of first
category. Let

D(G) = Q@ g B z(p) ()

peP

be the divisible hull of G. Moreover G has a subgroup algebraically isomorphic to

B(@) = 7)) g @Z(p)(“’((})).
peP

We can think

B(G)<G<D(G)<T!, where |I|=r(G)=r(G)+ > _rp(G),
peP

because Q and Z(p>°) are algebraically isomorphic to subgroups of T for every p € P.
Since |G| > 2%, it follows that || > 2.
For z € G let s(x) ={i € I:x; # 0} and for n € N set

A(n) ={x € G:|s(x)| < n}.

Then G = J,,cny A(n).

For every n € N we have A(n) C A(n + 1). We prove that A(n) is closed in the
topology 7 induced on G by T! for every n € N: it is obvious that A(0) is compact and
A(1) is compact, because every open neighborhood of 0 in (G, 7) contains all but a finite
number of elements of A(1). Moreover, for every n € N with n > 1, A(n) is the sum of
n copies of A(1) and so it is compact.

To conclude the proof we have to show that for every n € N

A(n) has empty interior in P,G7.
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Since A(n) € A(n+1) for every n € N, it suffices to prove that the interior Int p_g4 (A(n))
is empty for sufficiently large n € N. We consider n € N.. By the first part of the proof,
it suffices to show that if x € G and N is a subgroup of G such that |G/N| < 2%, then
x€x+ N Z A(n) for all n € N;. Moreover we can suppose that x = 0. In fact, if there
exist x € G and N < G with |G/N| < 2%, such that 2+ N C A(n), then z = x+0 € A(n)
and0 € N C —z+A(n) C A(n)+A(n) C A(2n). Solet N < G be such that |G/N| < 2~.
Let
{Ie: €< (297}

be a family of subsets of I such that |I¢| =n and Iz NIy = 0 for every £ < &' < (27)F.
For every £ < (2")" there exists z¢ € B(G) < G such that s(z¢) = I¢. Let 7 : G — G/N
be the canonical projection. Since

[{ag: €< (@)} = (29" > 2" > |G/N],

it follows that there exist & < & < (27)* such that m(z¢) = m(zg). Then z¢ — z¢ €
kerm = N. But s(z¢ — x¢r) = I¢ Ulg and |I¢ U Ig| = 2n. Hence x¢ — xer & A(n). O

The following theorem is the generalization to the Py-topology of [15, Lemma 2.4]
for topological groups.

Theorem 2.28. Let k be an infinite cardinal and let G be a k-pseudocompact group.
Then P.G is Baire.

Proof. Let K be the completion of GG, which is compact, and
B={zN:ze K,N e A,(K)}.

By Corollary 2.19 B is a base of P,K. Consider a family {U, },en of open dense subsets
of P;K. We can choose them so that U, D U,y for every n € N. Let A € P.7, A # ().
Then A NUp is a non-empty element of P,7. Therefore there exists By € B such that
By € ANUy. We proceed by induction. If B, € B has been defined, then B, NU,41 is a
non-empty open set in P, K and so there exists B,+1 € B such that B,11 C B, N V1.

Then
AN (Y Un=(VANTL) 2 () Ba.

neN neN neN

Moreover (,cn Bn # 0, because { By }nen is a decreasing sequence of closed subsets of
K, which is compact.

Being k-pseudocompact, G is Gx-dense in K by Theorem 2.12. Then G is Gx-dense
in P,K, which is Baire by the previous part of the proof. By [15, Lemma 2.4(b)] a
(Gs5-dense subspace of a Baire space is Baire, and so P;G is Baire. O
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Chapter 3

The divisible weight

In this chapter we first describe the positive aspects of singular abelian groups and
their properties. We also find a singular abelian group, which is a counterexample of
a recent conjecture. Then we introduce new cardinal invariants, namely the divisible
weight and the super-divisible weight, which measure singularity of topological abelian
groups with great precision. These cardinal invariants are strictly related to the weight
of topological abelian groups. Using them we see singularity from another point of view
and we introduce new notions, i.e., w-divisibility, k-singularity and super-x-singularity
for k an infinite cardinal. Moreover we describe these w-divisible, x-singular and super-
k-singular abelian groups, which turn out to be useful for the problems studied in the
following chapters.

3.1 The power of singularity

Singular groups were defined in [29, Definition 1.2] in the ambit of extremal groups. For
example at the end of [29] we proved that for pseudocompact abelian groups singularity
is equivalent to one important level of extremality, that is c-extremality. A topological
group is c-extremal if ro(G/D) < ¢ for every dense pseudocompact subgroup D of G; this
definition was given in [29, Definition 1.1] for pseudocompact groups. One implication
is quite easy to prove also in the general case of topological abelian groups which are
non-necessarily pseudocompact:

Fact 3.1. Fvery singular abelian group is c-extremal.

Proof. Suppose that G is a singular abelian group. Then there exists m € Ny such that
w(mG) < w. Let D be a dense pseudocompact subgroup of G. By Corollary 2.14(a)
with K = w the subgroup D is Ggs-dense in G; then mD is Gs-dense in mG by Fact
2.6(b) with Kk = w. Since mG is metrizable, mD = mG. Consequently m(G/D) = {0}
and, since ro(G/D) = ro(m(G/D)) = 0, it follows that G is c-extremal. O

This fact generalizes [29, Proposition 4.7] for every topological abelian group non-
necessarily pseudocompact. We give an example which shows that the converse impli-

33
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cation does not hold for topological abelian groups in general; in other words we give an
example of a non-singular c-extremal abelian group:

Example 3.2. Let G = Z#. Then G is c-extremal because |G| < ¢. We show that
G is non-singular. For every m € N_, the subgroup mZ is dense in Z# and hence
w(mZ#) = w(Z#) for every m € N, and w(Z*) = ¢ by Fact 1.38. This means that Z#
is non-singular.

The converse implication of Fact 3.1 holds for pseudocompact abelian groups, even
if the two properties involved have different nature. As observed at the end of [29], the
equivalence of singularity and c-extremality for pseudocompact groups implies Theorem
A of the introduction.

In the remaining part of this section we produce a singular group, which is a coun-
terexample for Conjecture 3.6 below, that was formulated in a preliminary version of
[23] (see http://atlas-conferences.com/cgi-bin/abstract/cats-72). This again shows that
singular groups are useful.

Definition 3.3. A pseudocompact abelian group G is CvM-pseudocompact if there exist
Do and Dy dense pseudocompact subgroups of G with trivial intersection.

If G is a non-trivial CvM-pseudocompact abelian group, then G is not metrizable.
Moreover we have the following.

Example 3.4. Let G be a metrizable (thus compact) pseudocompact abelian group.
Then G is CvM-pseudocompact if and only if G = {0}.

The next lemma gives a necessary condition for a topological abelian group to be
CvM-pseudocompact.

Lemma 3.5. If G is a CvM-pseudocompact abelian group then mG is CoM-pseudocom-
pact for every m € Np. In particular, in case mG # {0}, mG is non-metrizable.

Proof. There exist Dy and D; dense pseudocompact subgroups of G with trivial inter-
section. Let m € Ny. Then mDy and mD; are dense pseudocompact subgroups of mG
by Fact 2.6(a,c) with £ = w and they have trivial intersection. O]

Conjecture 3.6. Fvery non-metrizable pseudocompact non-torsion abelian group is
CvM-pseudocompact.

Lemma 3.7. Let G be a pseudocompact non-torsion abelian group. If G is CvM-pseu-
docompact, then G is non-singular.

Proof. Suppose for a contradiction that G is singular. There exists m € N such that
mG@G is metrizable. Let Dg and D1 be dense pseudocompact subgroups of G with trivial
intersection. Then mDy and mD; are dense pseudocompact subgroups of mG by Fact
2.6(a,c) with kK = w. So mDy and mD; are Gg-dense in mG by Corollary 2.14 with
k = w. Since mG is metrizable, mDy = mD; = mG. Hence mG C Dy N Dy = {0} and
G is torsion, against the hypothesis. O
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The previous lemma allows us to find a counterexample for Conjecture 3.6:

Example 3.8. Let G = T x Z(2)° endowed with the product topology. Then G is
non-torsion and singular. So G cannot be CvM-pseudocompact by Lemma 3.7.

The problem can be extended to all pseudocompact abelian groups:

Problem 3.9. (a) Which non-singular pseudocompact abelian groups are CvM-pseu-
docompact?

(b) Which torsion pseudocompact abelian groups are CvM-pseudocompact?

3.2 The divisible weight

Definition 3.10. Let G be a topological abelian group. The divisible weight of G is

wq(G) = inf w(mG).

meNL
Lemma 3.11. Let p € P. If K is a compact Zy-module, then wq(K) = inf,eny w(p"K).
Proof. If m = p¥m,, where m, is coprime to p, then mK = p*K. O

Since the next remark shows that the divisible weight coincides with the final rank
for discrete abelian p-groups (p € P) of infinite final rank, the divisible weight can be
viewed as a natural generalization of the final rank to all “sufficiently large” abelian
(topological) groups.

Remark 3.12. If K is a compact Z,-module with wy(K) > w and X = K, then
finr(X) = wg(X) = we(K).

In fact, since by Fact 1.33 p/”-[\( = p"X for every n € N, w(p"K) = [p"X| = w(p"X)
for every n € N. Hence wy(K) = wgq(X). Being wq(K) > w, [p"X]| is infinite and so
Ip"X| = rp(p"X) for each n € N, that is finr(X) is infinite. It follows from Lemma 3.11
that finr(X) = wq(X).

The equality wq(K) = wq(X) of Remark 3.12 can be proved in general for a topo-
logical abelian group which is either compact or discrete:

Theorem 3.13. Let K be a topological abelian group which is either compact or discrete.
Then wg(K) = wq(K).

Proof. By Fact 1.33 mK = m!f(, for every m € Ny. Then
wimK) = |mlK| = w(m!K) = w(m!K)

for every m € Ny. This shows that wg(K) = wd(l?). O
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Corollary 3.14. Let K be a topologicaAl abelian group which is either compact or d/z':screte.
Then K is w-divisible if and only if K is w-divisible (in other words |mK| = |K| > w
for every m € N ).

~ ~

Proof. By Theorem 3.13 wy(K) = wq(K). Moreover w(K) = w(K). Then wq(K) =
w(K) > w if and only if wy(K) = w(K) > w. This means that K is w-divisible if and
only if K is w-divisible. O

Since Theorem 3.13 holds for topological abelian groups which are either compact or
discrete, we think that it remains true also in the more general case of locally compact
abelian groups. The following question is open.

Question 3.15. Does Theorem 3.13 hold true for locally compact abelian groups?

We study the behavior of the divisible weight. Obviously it is monotone under taking
subgroups.

Lemma 3.16. Let G be a topological abelian group and let H be subgroup of G. Then:
(a) wa(H) < wq(G);
(b) if H is dense in G, then wy(H) = wq(G).

Proof. (a) is obvious.

(b) Observe that w(mH) = w(mG) for every m € N4, because the homomorphism
G — mG@G, defined by the multiplication by m, is continuous and so mH is dense in mG
for every m € N4 by Fact 2.6(a). In particular wg(H) = wq(G). O

Proposition 3.17. Let G and L be abelian groups such there exists a continuous sur-
jective homomorphism f: G — L. If G is precompact, then wq(G) > wq(L).

Proof. For every m € N there exists a continuous surjective homomorphism mG — mL
and so w(mG) > w(mL) because mG and mL are precompact. O

The next example shows that in the previous proposition the hypothesis of precom-
pactness cannot be removed (as in the known case of the weight).

Example 3.18. Let idy : (Z,6z) — Z#. This is a continuous isomorphism. Moreover
wg(Z*) = ¢ as showed in Example 3.2 and wy(Z, 6z) = |Z| = w.

Using the same notation of Proposition 3.17 G = (Z,0z) and L = (Z,7). The
difference between w(G) and w(L) is maximal for a countable group. In fact, in general
w(L) < 2H <2161 = 2¢ = ¢ and in our case w(L) = c.

Lemma 3.19. Ifn € Ny, Gy,...,G, are topological abelian groups and G = G1 X ... X
G, then
wq(G) = max{wy(G1), ..., wq(Gp)}.

Lemma 3.19 works with a finite number of groups, but it fails to be true in general,
that is taking infinitely many groups:
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Remark 3.20. Consider the group K = dep Z(p)“* and observe that K, = Z(p)“*, so
wq(Kp) = 1, for each p € P. Moreover K =0 ([[,cpZ(p))**. Then wq(K) = w(K) =
w1.

It follows from this remark that for a totally disconnected compact abelian group
K Z40p [1pep Kp (see Remark 1.44(b)) the equality wq(K) = suppepwa(Kp) does not
hold in general. So this relation holds for w(—) but not for wq(—).

It is important to observe that for a compact abelian group K
wq(K) = w(c(K)),

because ¢(K) is divisible, being compact and connected, and so ¢(K) < mK for every
m N+.

Lemma 3.21. Let G be a topological abelian group such that ¢(G) is compact. Then
wy(G) = max{w(c(G)), wq(G/c(G))}.

Proof. The condition wy(G) > w(c(G)) is equivalent to w(mG) > w(c(G)) for every
m € N4. Since ¢(G) is connected and compact, ¢(G) is divisible and so ¢(G) < mG for
every m € Ny. Then

w(mG) = w((mG)/c(G)) - w(c(G))

and it follows that w(mG) = w((mG)/c(Q)) for every m € Ni. Since (mG)/c(G) =
m(G/c(G)) and wy(G) = inf ey, w(mG), this yields the equalities

wa(G) = inf w((mG)/c(G)) = inf wim(G/c(G))) = wa(G/c(G)),

meNL meNL
which complete the proof. d
This lemma can be improved for locally compact abelian groups:

Proposition 3.22. Let L be a locally compact abelian group. Then
wq(L) = max{w(c(L)),wq(L/c(L))}.

Proof. By Theorem 1.27 L is topologically isomorphic to R"® x K, where n € N and K
has a compact open subgroup Ky. Then wy(L) = w - wy(K) by Lemma 3.19. We have

c(L) Zop R™ x ¢(K)

where ¢(K) = ¢(Kjy) is compact, since K is open in K.

By Lemma 3.21 wy(K) = max{w(c¢(K)),wq(K/c(K))}. Suppose that wg(L) >
w(e(L)). Then wg(L) = wy(K) and consequently wy(K) > w(c(K)), that is wy(K) =
wy(K/c(K)). Then wy(L) = wg(K/c(K)). But K/c(K) is topologically isomorphic to
L/e¢(L) and hence wg(L) = wq(L/c(L)). O
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Since the minimal positive integer mg in the following lemma is uniquely determined
by the group G, we denote it by mg4(G).

Lemma 3.23. Let G be a topological abelian group. Then there exists a minimal positive
integer mo € Ny such that if H = moG, then:

(a) wyg(H) = w(H) = wyg(G);
(b) ro(H) =ro(G);
(c) if G is pseudocompact, then H is pseudocompact too.

Proof. Since {w(mG) : m € Ny} is a set of cardinals, there exists mo € N4 such that
wq(G) = w(mpG) and w(mpG) < w(kG) for every k € Ny. Let H = moG. Then
w(H) = wq(G). Obviously ro(H) = ro(G) and if G is pseudocompact, by Fact 2.6(b) H
is pseudocompact as well being continuous image of G. O

Remark 3.24. Let G be a topological abelian group and let D be a dense subgroup of
of G. As noted in the proof of Lemma 3.16, w(mD) = w(mG) for every m € N,. The
sequences {w(mD) :m € N1} and {w(mG) : m € N4} have the same minimum and so
ma(D) = mq(G).

The counterpart of Lemma 3.19 for mg(—) fails to be true:

Example 3.25. Let G = Z(2)*" x T and Gy = Z(3)° x T. Then 2 = my(Gy) =
md(G1 X GQ) < max{md(Gl),md(GQ)} = md(Gg) = 3.

For G = G x...x Gy, where n € N and Gy, ..., G, are topological abelian groups,
it is easy to see that mg(G) > min{mg(G1),...,mqs(Gn)}.

3.3 w-Divisibility
Definition 3.26. A topological abelian group G is w-divisible if wy(G) = w(G) > w.

Since a topological abelian group is w-divisible if and only if w(mG) = w(G) > w for
every m € N, this definition is justified by the fact that an abelian group G is divisible
if and only if G = mG for every integer m > 0 (see Example 3.29(a) for more details).

Fact 3.27. If D is a dense subgroup of a topological abelian group G, then D is w-
divisible if and only if G is w-divisible.

Proof. Since D is dense in G, wy(D) = wy(G) by Lemma 3.16(b). O
We give some examples of w-divisible groups.

Example 3.28. (a) Every topological divisible abelian group of uncountable weight
is w-divisible.

(b) Connected compact abelian groups of uncountable weight are divisible and so w-
divisible by (a).
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(c) Connected precompact abelian groups G of uncountable weight are w-divisible; in
fact, K = G is connected and so divisible (being compact), hence w-divisible by
(b). Since G is dense in G, Fact 3.27 applies to conclude that G is w-divisible.

(d) In general a connected abelian group of uncountable weight need not be w-divisible.
Actually, there exist connected abelian groups of every prime exponent [3].

(e) In [29, Definition 1.3] a topological group G was defined to be almost connected
whenever ¢(G) € A(G). Almost connected pseudocompact abelian groups of un-
countable weight are examples of w-divisible groups.

(f) If L is a locally compact abelian group and it is connected, then L is divisible: by
Theorem 1.27 L =, R"x K, where n € N and K has a compact open subgroup Kj.
Since L is connected, K = ¢(K) =, ¢(Kp) is connected and compact, so divisible.
Consequently L is divisible too. By (a), if w(L) > w, then L is w-divisible.

As shown by (d), connectedness is not sufficient alone to have w-divisibility, but
from (c) to (e) we weaken connectedness to almost connectedness and strengthen the
compactness-like property from precompactness to pseudocompactness, obtaining two
different sufficient conditions for w-divisibility.

Example 3.29. (a) Let K = [[,.; K, where each K; is a metrizable compact non-
torsion abelian group and I is an uncountable set of indices. Then K is w-divisible
of divisible weight wg(K) = |I], because mK = [[;.; mK; has weight |I| for every
m € Ny, since mK; # {0} for every i € I.

(b) A product of the form K = [],.; K;, where each Kj; is a non-trivial metrizable
compact abelian group and [ is an uncountable set of indices, can be w-divisible
even if some of the metrizable compact abelian groups are torsion. For example
T“' x Z(p), where p € P, is w-divisible of divisible weight w;.

In some case all the metrizable compact abelian groups K; are torsion and the
product K is still w-divisible. For example [],cpZ(p)** is w-divisible: it is iso-
morphic to Sp*, where Sp is compact metrizable non-torsion.

(c) We call w-divisible product a product [[;.; K;, where each K; is a metrizable
compact non-torsion abelian group and [ is uncountable.
As noted in (b) these products are not the unique products that are w-divisible,

but they are sufficient for what we do in the following chapter.

(d) A particular case of w-divisible products are w-divisible powers, that is powers S*,
where S is a metrizable compact non-torsion abelian group and & is an uncountable
cardinal.

The w-divisible products and the w-divisible powers are the main examples of w-
divisible groups and we make essential use of them in the following chapters.

Lemma 3.30. Let G = [[;c; Gi where each G; is a topological abelian group.
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(a) If G; is w-divisible for every i € I, then G is w-divisible.

(b) If I is finite, then G is w-divisible if and only if there exists i € I such that
wq(Gi) = w(G) > w (in particular this G; is w-divisible).

Proof. (a) For every i € I we have wq(G;) = w(G;) > w. Then w(G) > w and for every
m € N+

w(mG) =w (H mGz’) = |I] - supw(mG;) =

el el
= |I]| - supwy(G;) = |I] - supw(G;) = w(G).
il il

(b) By Lemma 3.19 there exists ¢ € I such that wy(G) = wq(G;). In case G is
w-divisible, wq(G) = w(G) > w and so wy(Gi) = w(G) > w. To prove the converse
implication assume that there exists i € I such that wg(G;) = w(G) > w. In particular
wq(G) = w(G) > w by Lemma 3.16(a), that is G is w-divisible. O

The converse implication of Lemma 3.30(a) does not hold in general, even in case I
is finite:

Example 3.31. Let G = G; x G, where G; = T¢ and G3 = Z(p). Then
¢ = w(G) = wa(G) = w(G1) = wq(G1)
and G is far from being w-divisible.

So we have the monotonicity of w-divisibility for subgroups but not for quotients.
Indeed, the quotient of a w-divisible group need not be w-divisible; e.g., for p € P take
Zy,, which has Z(p)® as a quotient.

3.4 k-Singularity

While w-divisibility goes in the opposite direction with respect to singularity (w-divisible
abelian groups are non-singular), we define different levels of singularity, one for each
infinite cardinal k.

Definition 3.32. Let k be an infinite cardinal. A topological abelian group G is k-
singular if wq(G) < k.

Observe that a topological abelian group G is k-singular if and only if there exists
m € N such that w(mG) < k (see Lemma 3.34) and so w-singular abelian groups
are precisely singular abelian groups. Moreover every topological abelian group G is
w(G)-singular.
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3.4.1 Characterization and properties

Example 3.33. Let K = [[,.; K; be a w-divisible product with |/| = £ > w. Then K
is w-divisible and non-A-singular for every cardinal w < \ < k.

In the following two lemmas we give some conditions equivalent to x-singularity.
In the second lemma we need the hypothesis that the topological abelian groups are
k-pseudocompact. For £ = w we find [45, Lemma 2.5], which generalized [29, Lemma
4.1].

Lemma 3.34. Let k be an infinite cardinal and let G be a topological abelian group.
Then the following conditions are equivalent:

(a) G is k-singular;
(b) there exists m € Ny such that w(mG) < k;
(c) G is k-singular.

Proof. (a)<(b) is obvious.
(a)e(c) Since G is dense in G, wy(G) = we(G) by Lemma 3.16(b). O

The condition in (c) of the next lemma can be considered also for non-necessarily
abelian topological groups, so that x-singularity could be defined in the general case of
topological groups.

Lemma 3.35. Let k be an infinite cardinal and let G be a k-pseudocompact abelian
group. Then the following conditions are equivalent:

(a) G is k-singular;

(b) there exists m € Ny such that Glm| € A.(G);
(¢) G has a closed torsion G,-subgroup;

(d) there exists N € A (G) such that N C t(Q).

Proof. Let m € Ny and let ¢, : G — G be the continuous homomorphism defined
by ¢om(z) = ma for every z € G. Then kery,, = G[m| and ¢,,(G) = mG. Let
i : G/G[m] — mG be the continuous isomorphism such that i o 7 = ¢,,, where 7 : G —
G/G[m] is the canonical projection.

(a)=(b) By Lemma 3.34 there exists m € N, such that w(mG) < k. Then »(mG) <
k. Since i : G/G[m] — mG is a continuous isomorphism, so ¥(G/G[m|) < k. This
implies that G[m] is a G-set of G.

(b)=-(a) Suppose that G[m]| € A,(G). Then the quotient G/G[m] has weight < &,
hence it is compact. By Theorem 1.28 the isomorphism i : G/G[m] — mG is also open
and consequently it is a topological isomorphism. Then w(mG) < k. By Lemma 3.34 G
is k-singular.
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(b)=(c) and (c)<(d) are obvious.

(d)=(b) By Corollary 2.21(b) N is s-pseudocompact and so N is bounded torsion
by Fact 1.36. Therefore there exists m € Ny such that mN = {0}. Thus N C G[m] and
so GIm| € Ax(G) by Corollary 2.21(c). O

The class of x-singular groups is stable for subgroups. For dense subgroups we have
the following:

Lemma 3.36. Let k be an infinite cardinal. Let D be a dense subgroup of a topological
abelian group G. Then G is k-singular if and only if D is k-singular.

Proof. By Lemma 3.16(b) wg(G) = wgq(D). Then wg(G) <  if and only if wg(D) < &,
i.e., G is k-singular if and only if D is x-singular. O

For k = w the following lemma is [26, Lemma 3.4].

Lemma 3.37. Let k be an infinite cardinal, let G be a precompact abelian group and let
N be a closed subgroup of G.

(a) If G is k-singular, then N and G/N are k-singular.

(b) If G = K is compact, then K is k-singular if and only if N and K/N are k-
singular.

Proof. (a) follows from Lemma 3.16(a) and Proposition 3.17.

(b) The necessity is (a). Let us prove the sufficiency. Suppose that both N and K/N
are r-singular. Let X and Y be the duals of K and K/N respectively. By Pontryagin
duality

K is k-singular if and only if |k X| < k for some k € N. (3.1)

By Pontryagin duality Y can be identified with a subgroup of X such that X/Y = N.
Since N and K/N are k-singular by the hypothesis, it follows that |m;(X/Y)| < k for
some m; € Ny and |meY| < k for some my € N;. Thus there exists m € Ny (m >
max my,ma) such that |m(X/Y)| < k and |/mY| < k. Since m(X/Y) = (mX +Y)/Y
has cardinality < s, mX is contained in a union (J;c;(z +Y), where z; € mX and
[I] < k. As [mY| < k, m*X is contained in the union (J;c;(mz; + mY’), which has size
< k. So |m?X| <k, i.e., K is x-singular by (3.1). O

In the following result we prove that the class of k-singular abelian groups is closed
also under finite products.

Lemma 3.38. Let k be an infinite cardinal. Finite products of k-singular abelian groups
are k-singular.

Proof. Let G = G1 X ...x Gy, be such that n € Ny and G is a k-singular abelian group
for every i € {1,...,n}, that is wy(G;) < k for every i € {1,...,n}. By Lemma 3.19
wq(G) = max{wg(G1),...,wqe(Gpn)} < k. Then wy(G) < k and G is k-singular. O
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Lemma 3.39. Let k be an infinite cardinal and let G be a k-singular abelian group such
that ¢(G) is compact. Then w(c(G)) < k.

Proof. Since G is k-singular, by Lemma 3.34 there exists m € Ny such that w(mG) < k.
But ¢(G) is divisible and so ¢(G) = mec(G) € mG. Therefore w(c(G)) < k. O
3.4.2 Measuring k-singularity

Let K be a totally dense compact abelian group. Then K =, []
1.44(b). We define

yep Kp by Remark

P, (K)={peP:wy(K,) <k}and P, .(K)={peP:w(K,) <k}

Observe that P, .(K) C P (K) C P. Then w(K) < & if and only if Py, ,(K) = P.
Furthermore P, (K) = Ps(K) and P, ,,(K) = P, (K), where Ps(K) and P, (K) were
introduced in [26].

Suppose that w(K) > k. Let

Eme= [] Kp Ken= 11 K, and K..= [ K,
PEPm x(K) PEPs, 1 (K)\ P, (K) PEP\Ps . (K)

If Py, (K) (respectively, Py (K)\ P x(K) and P\ P, »(K)) is empty, put K, , = {0}
(respectively, K, = {0} and K, , ={0}). Then

K gtop Km,/i X KS,H X Kr,n
and w(Ky, x) < k, while K ,; is k-singular.
Lemma 3.40. Let p € P and let K be a compact Z,-module.
(a) If K/pK is finite, then K =4, Z;)' x F', where m € N and F is a finite p-group.
(b) If K/pK is infinite, then w(K) = w(K/pK).
Proof. By Fact 1.42(b) X = K is a p-group and X|[p] is the dual of K/pK by Fact
1.32(a).

(a) Assume that K/pK is finite. Then X[p] is finite; hence X|[p] is isomorphic to a
subgroup of Z(p™)", where n = r,(X). Since Z(p>)" is divisible, this immersion can
be extended to j : X — Z(p>)". Now j is injective because if x € ker j and = # 0 then
we can suppose without loss of generality that px = 0, that is x € X[p] and this is not
possible. If d(X) is the maximal divisible subgroup of X, then d(X) is isomorphic to
Z(p>)™ with m < n. Thus X = Z(p>)™ @ X; where X; has no divisible subgroups

(i.e., it is reduced) and so X7 is finite because it has finite p-rank [42]. By Pontryagin
duahty K =i X Siop Ly’ X F, where F' = X1 X1 is finite.

(b) follows from the fact that X is a p-group such that |X| = | X|[p]|, when X|[p] is
infinite. O

For k = w the following proposition is [26, Proposition 4.3].
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Proposition 3.41. Let k be an infinite cardinal and let K be a totally disconnected
compact abelian group such that P\ Py, »(K) is infinite. Then there ezists a continuous
surjective homomorphism of K onto a w-divisible power ST

Proof. By Lemma 3.40 P\ P, .(K) = {pn : n € N4} C P is an infinite subset such that
w(K /p,K) > k for every n € N;. Since, for n € Ny, K/p, K is a compact abelian group
of exponent p, and weight > k, it is topologically isomorphic to Z(pn)w(K/ PmK) where
w(K /p,K) > kt. This yields that for every n € N, there exists a continuous surjective
homomorphism f, : K/p, K — Z(pn)”+. Moreover K, = p,K,; < p,K for every prime
q # pn. Therefore p, K coincides with the subgroup p, K, X qup’q?&pn K, of K. So
K/pnK Z40p Ky, /pnKp, and consequently f,, can be identified with f], : K, /pnKp, —
Z(pn)" . Then

f=1T11 i TI Evafvnk — I Z@n)™" =t0p S5

neNy neNL neNL

is a continuous surjective homomorphism. Hence the composition of the continuous
. . . ~ [e'e) . . .
surjective homomorphism K Zop [[,cp Kp — [[en, Kp./PnKp, with f is a continuous

surjective homomorphism K — S7"§+. d

In the next lemma we show that the sets Py, (K) and Ps ,(K) describe completely
the k-singularity of a compact abelian group K.

Lemma 3.42. Let k be an infinite cardinal and let K be a totally disconnected compact
abelian group. Then K is k-singular if and only if Ps ,(K) =P and P\ Py, »(K) is finite.

Proof. Suppose that Ps ,,(K) = P and P; ,(K)\ P, «(K) is finite. Then K = Ky, , x K 1,
where K, . is metrizable and K . is x-singular by Lemma 3.37. Then K is s-singular
by Lemma 3.37 again.

To prove the converse implication, suppose that P\ P, .(K) is infinite. By Propo-
sition 3.41 there exists a continuous surjective homomorphism of K onto a w-divisible
power S*' . Since S*' is non-x-singular, then K is non-k-singular as well by Lemma
3.37. If P # P, ,,(K) then again Lemma 3.37 implies that K is non-s-singular. O

3.5 The stable weight

Lemma 3.21 splits the study of the divisible weight of a compact abelian group in two
cases: the connected case is trivial as connected groups are already w-divisible; the more
complicated totally disconnected case is analyzed in this section.

Let K be a totally disconnected compact abelian group. Then K =, HpEIF’ K, by
Remark 1.44(b) and in this section we identify the two groups, considering K = [[,cp K.
Let

kp = w(Kp)

for each p € P. In particular

w(K) = sup kp.
peP
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Definition 3.43. The stable weight of a totally disconnected compact abelian group K
is ws(K) = wy(K), when P\ Py, (K) is finite, otherwise let

ws(K) = érellf\lw H K,
peEP,p>n

From the definition it follows that in case P\ P,,,(K) is infinite then

ws(K) = inf sup kp > w.
neEN peP p>n

Since Suppep sy Kp is a decreasing sequence of cardinals, it stabilizes and so there exists
ng € N such that

ws(K) =w H K,| = sup kp.
pEP,p>ng
PEP,p>ng

In analogy with w-divisible abelian groups, which have maximal divisible weight, we
introduce totally disconnected compact abelian groups that have maximal stable weight:

Definition 3.44. A totally disconnected compact abelian group is stable if ws(K) =
w(K) > w.

Lemma 3.45. If K is a totally disconnected compact abelian group, then wgs(K) <
wq(K). In particular, K stable implies K w-divisible.

Proof. By the definition ws(K) = wy(K) if P\ P,,,(K) is finite. So suppose that P\ P, (K)
is infinite. As noted in the foregoing part of this section, there exists ng € N such that

ws(K) = sup kK.
pEP,p>ng

By Lemma 3.23 wy(K) = w(H), where H = my(K)K. Take n; € N such that n; >

max{ng, mq(K)}. Consequently HpEIF’,p>n1 K, < H and so

wi(K)=w| [] Kp| <wH)=wqkK).
peP.p>ny

O

The inequality of this lemma can be strict only in case wq(K) = wq(K,) for some
p €P,p<ng: if wy(K) > ws(K), then

wi(K) = wimg(K)K) =w | [[ maK)E, | -wi(K)=w| [[ maE)K,

peP,p<ng peP,p<ng

by Lemma 3.19; since this is a finite product, wq(K) = wy(K,) for some prime p < ng
again by Lemma 3.19.
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Let K be a totally disconnected compact abelian group. By the definition wy(K) =
wq(K) < w when P\ P, (K) is finite and in particular when K is metrizable. For a better
understanding of ws(K) in the uncountable case assume that P\ P, (K) is infinite and
define the d-spectrum of K as

INK)={peP\Pu(K):kp <ws(K)} ={peP:w<k, <ws(K)}.
The complement of II(K) in P\ P, (K) is
i (K)={p e P\ Pn(K) : rp > ws(K)}.

Since ¢ (K) is finite by the definition of the stable weight, II(K) is infinite. Moreover
we have the following partition:

I(K) =n"(K)Un(K),
where
T(K)={peP\ Pu(K):kp, <ws(K)} and 7(K)={peP\ Pp(K):k,=ws(K)}.
So we have the partition P = P, (K) Un*(K) Un(K) Uns(K) and

K= J] Ex [ Kox [ Kox [] E»

PEPm (K) pem*(K) peT(K) pEms(K)
Let
met(K) = H K,, sc(K)= H K, and nst(K) = H K,.
PEPR(K) pell(K) pemy(K)
Then

K =met(K) x sc(K) x nst(K),

where met(K) is metrizable, while nst(K) = Hpeﬂ'f(K) K, has no stable subgroups,

because nst(K) is a finite product and since every closed subgroup N of nst(K) is of the
form N = Hpeﬂ'f(K N, by Remark 1.44(b). We see in Lemma 3.47(a) that the stable

core sc(K) of K is stable when II(K) # 0.
For sake of completeness, set

IH(K) =0 and 7p(K) =P\ Pyn(K), whenever [P\ Py (K)| < oc.
Claim 3.46. A totally disconnected compact abelian group K is stable if and only if
P\ Py (K) is infinite and 7;(K) = 0.

Proof. Suppose that p € 7¢(K). Then ws(K) < kp < w(K) and so K is not stable. If
P\ P,,(K) is finite, then ws(K) < w and K is not stable.
Assume that P\ P, (K) is infinite and 7¢(K) is empty. Then

ws(K)= sup kp=w(K)>w,
pEP\ P, (K)

that is K is stable. O
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Lemma 3.47. Let K be a non-singular totally disconnected compact abelian group.
Then:

(a) if P\ Py (K) is infinite, then sc(K) is stable, so ws(sc(K)) = w(sc(K)) = ws(K);
(b) either wy(K) = wa(Kp) for some p € P or wa(K) = ws(K) = supper(k) fip-
Proof. (a) Since P\ Pp,(K) =P\ Pp(sc(K)) is infinite and 7y(sc(K)) = (), Claim 3.46
applies.
(b) Suppose that wq(K) > wg(K)) for every p € P. Then P\ P,,(K) is infinite and

so also II(K) is infinite.
By (a) sc(K) is stable and

wy(se(K)) = wa(se(K)) = w(se(K)) = sup r, = wy(K).
pell(K)

Since
wq(K) = max{wg (nst(K)),wq(sc(K))}
by Lemma 3.19, and wq(K) > wq(K)) for all p € P by our hypothesis, it follows that
wa(K) = wa(sc(K)).
Therefore wq(K) = wq(sc(K)) = w(se(K)) = ws(K). O

We see in Chapter 4 that when wg(K) > wgq(nst(K)), the stable core sc(K) plays
an essential role as far as projections on products are concerned.

3.6 Super-x-singularity

For every infinite cardinal x we introduce another level of singularity, which implies x-
singularity. Indeed in Theorem C we use super-singular groups, which are necessarily
singular. Since we want to generalize Theorem C proving Theorem C®, we have to
define the counterpart of this concept for every k. To define it analogously as we do for
k-singularity, we first introduce another cardinal invariant based on the weight:

Definition 3.48. Let G be a topological abelian group. The super-divisible weight of G
18
wsq(G) = inf{w(py ... prG) : p1,...,pn € P are distinct, n € Ni}.

Observe that wsq(G) = inf{w(mG) : m € N4, m square free}.

Remark 3.49. The super-divisible weight has properties analogous to those of the
divisible weight. By the property of cardinal numbers there exist p1,...,pp,, With ng €
N, distinct primes such that wsq(G) = w(p1 - ... pn,G). In analogy with what is done
for wq(—) (see Lemma 3.23), we call msi(G) =p1- ... Dny-

Another case in which wgg(—) behaves analogously to wy(—) is that of Lemma 3.16
and the proof is very similar. In fact, if G is a topological abelian group and H a
subgroup of G, then:
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(a) wsa(H) < wsa(G);
(b) if H is dense in G, then wyy(H) = wsq(G).
For G topological abelian group
wsa(G) = wa(G)
and the inequality can be strict:

Example 3.50. Let K = Z(p?)", where & is an infinite cardinal. Then we(K) = &,
while wy(K) = 0.

Using the super-divisible weight we introduce the following concept. For kK = w we
find precisely super-singular groups (see Lemma 3.52).

Definition 3.51. Let k be an infinite cardinal. A topological group G is super-x-singular
if there exist p1,...,pn, with n € Ny, distinct primes such that wsq(G) < k.

The next lemmas give conditions equivalent to super-x-singularity. They are the
counterpart of Lemmas 3.34 and 3.35.

Lemma 3.52. Let k be an infinite cardinal and let G be a topological abelian group.
Then the following conditions are equivalent:

(a) G is super-k-singular;
(b) there exist distinct primes pi,...,pn, with n € Ny, such that w(py - ... pnG) < K;

(c) G is super-r-singular.

Proof. (a)<(b) is clear, because msq(G) =p1 - ... Dn.
(b)<(c) Since G is dense in G, it follows that weg(G) = wsq(G) as observed in
Remark 3.49(Db). O

Lemma 3.53. Let s be an infinite cardinal and let G be a k-pseudocompact abelian
group. Then the following conditions are equivalent:

(a) G is super-r-singular;
(b) there exist distinct primes p1, ..., pn, withn € Ny, such that G[pi-...-pn] € A(G);

(¢) G has a closed G-subgroup of exponent pi - ...-pp, where pi,...,pp, withn € Ny,
are distinct primes;

(d) there exists N € A(G) such that N C Soc(G).
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Proof. Let m € N4 and let ¢, : G — G be the continuous homomorphism defined
by ¢om(z) = ma for every z € G. Then kery,, = G[m| and ¢,,(G) = mG. Let
i : G/G[m] — mG be the continuous isomorphism such that i o m = ¢, where 7 : G —
G/G[m] is the canonical projection.

(a)=>(b) By Lemma 3.52 there exist pi,...,p, € P distinct primes such that w(p; -

oo pnG) < K. Let m =py-... pyp. Then ¥(mG) < k. Since i : G/G[m| — mG is a
continuous isomorphism ¢ (G/G[m|) < k. This implies that G[m] is a G-set of G.
(b)=(a) Let m = p; - ... p,. Suppose that Gm| € A,(G). Then the quotient

G/G[m] has weight < k, hence it is compact. By Theorem 1.28 the isomorphism i is
also open and consequently it is a topological isomorphism. Then w(mG) < k and so G
is super-k-singular by Lemma 3.52.

(b)=(c) and (c)«<(d) are obvious.
(d)=-(b) Let N € A,(G) be of exponent p; - ... - p,, where pi,...,p, are distinct
primes. Thus N C G[py-...-py] and so G[p; - ... pn] € Ax(G) by Corollary 2.21(c). O

Lemma 3.54. Let s be an infinite cardinal and let G be a topological abelian group.
(a) If G is super-r-singular, then every subgroup of G is k-singular.

(b) If G is k-pseudocompact and N € A (G), then G is super-k-singular if and only if
N is super-k-singular.

Proof. (a) immediately follows from Lemma 3.52.

(b) Assume that N is super-x-singular. Then there exists M € A.(IN) such that
M C Soc(N) by Lemma 3.53. Therefore M C Soc(G). By Corollary 2.21(a) M € A,(G)
and so G is super-k-singular. O



50

CHAPTER 3. THE DIVISIBLE WEIGHT



Chapter 4

Projection onto products

As noted in the introduction, in Theorem B the condition involving the projection of
the compact abelian group onto an uncountable power of a compact non-torsion abelian
group, that is a (non-singular) w-divisible power, was important in the proof of that
theorem. Since we want to generalize Theorem B for every infinite cardinal k, proving
Theorem B”, in this chapter we study when it is possible for a compact abelian group
to admit a continuous surjective homomorphism onto a w-divisible power which is non-
k-singular.

This problem of “projecting” a compact abelian group onto a special product or
power has interest also on its own; indeed the following theorem is a well known result.
It could be obtain also as a standard application of Pontryagin duality to [1, Theorem
1.1].

Theorem 4.1. For every non-metrizable compact abelian group K there exists a con-
tinuous surjective homomorphism of K onto a product [[,.; K; of non-trivial metrizable
compact abelian groups with |I| = w(K).

Proof. Let w(K) =x >w and X = K. Then |X| =K > w and X contains a direct sum
P, Ci of non-trivial cyclic subgroups C; with |I| = | X| = w(K). By Pontryagin duality
there exists a continuous surjective homomorphism K — [],.; K;, where K; = C; # {0}
is either finite cyclic or K; =4, T. O

In this theorem the weight of the product is maximal. Indeed it cannot exceed the
weight of K.

In the following remark we discuss the situation of Theorem 4.1 in case all K; are the
same group, that is we consider projections onto powers of maximal weight of non-trivial
compact abelian groups.

Remark 4.2. Let K be a compact abelian group of weight x > w and let X = K. Since
r(X) = |X| = k, there are three cases.

)

(a) If 79(X) = &, then X has a subgroup isomorphic to Z*) and so there exists a

continuous surjective homomorphism K — T by Pontryagin duality.

51
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(b) If there exists p € P such that r,(X) = &, then X has a subgroup isomorphic to
Z(p)* and so there exists a continuous surjective homomorphism K — Z(p)".

(c) If ro(X) < K and rp(X) < & for every p € P, then sup,cpry(X) = £ and X
has a subgroup isomorphic to @pepZ(p)(rp(X)). Then there exists a continuous

surjective homomorphism K — [[ cp Z(p)»X). Moreover w (HpeIP Z(p)rP(X)> =

SUp,cp rp(X) = K.

In (a) and (b) also the converse implications hold.

Unlike the previous two cases, in the third one it is not possible to find a contin-
uous surjective homomorphism onto a w-divisible power S*. Indeed suppose that this
surjective continuous homomorphism exists. Since r9(X) < &, |X| = [¢(X)| and so
w(K/e(K)) = k by Theorem 1.30 and Lemma 1.32(b). Hence we suppose without loss

of generality that K is totally disconnected. By Remark 1.44(c) there exists a continuous

surJectlve homomorphism K;, — S7 for each p € P. This means that X, = K >S5, CAE

and Sp is p-torsion in view of Fact 1.42(b) for every p € P. Let ¢ € P be such that S, is

non-trivial. Then r; (é;) > 0 and so 74(X4) > k. But this is not possible since 7,(X) < &
for every p € P by hypothesis.

In the metrizable case there is some exception:

Lemma 4.3. A metrizable compact abelian group K admits no continuous surjective
homomorphism onto a product [[,c; K; of non-trivial metrizable compact abelian groups
with |I| = w if and only if ro(f() and rp(f() are finite for every p € P and rp(X) =0 for
all but finitely many p € P.

Proof. Let X = K. If K admits a continuous surjective homomorphism onto a product
[Lic; Ki of non-trivial metrizable compact abelian groups with \I | = w, this is equivalent

to say that X has a subgroup of the form @,.; KZ, where each K is a non-trivial abelian
group of cardinality < w and |I| = w. This happens if and only if either ro(X) = w, or
rp(X) = w for some p € P, or r,(X) # 0 for infinitely many p € P. O

In this chapter we consider first the problem of when a compact abelian group K
admits a continuous surjective homomorphism onto a product [],.;
metrizable compact abelian groups with |I| = w(K) (we add “non-torsion” with respect
to Theorem 4.1). Since wq(][;c; Ki) = w(][,c; Ki), and the divisible weight is monotone
under continuous surjective homomorphisms of compact abelian groups (see Proposition
3.17), we obtain the restriction |I| < wgq(K). Theorem 4.11 shows that this necessary
condition is also sufficient in case K is non-metrizable.

Moreover Theorem 4.17 shows that for non-singular compact abelian groups K ad-
mitting a continuous surjective homomorphism onto a w-divisible power S%4(5) there
is a trichotomy, and its Corollary 4.18 gives a necessary and sufficient condition for the
existence of such a projection.

K; of non-torsion
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Remark 4.4. Every compact non-torsion abelian group .S admits a continuous surjective
homomorphism onto a metrizable compact non-torsion abelian group Sp.

To prove this we consider the dual group X of S. Since S is not bounded torsion,
X is not bounded torsion as well, by Pontryagin duality. Then for every n € N,
there exists =, € X such that nx,, # 0. The subgroup Xy = (x, : n € N1) of X is
not bounded torsion and countable. By Pontryagin duality there exists a continuous
surjective homomorphism of S onto Sy = )?B and Sp is compact, metrizable and non-
torsion.

Let k be an infinite cardinal.

As a consequence of the previous part of this remark, a compact abelian group K
admitting a continuous surjective homomorphism onto a product [],.; K; of compact
non-torsion abelian groups K; with |I| = k, admits also a continuous surjective homo-
morphism onto [[;.; Ko, where each Ko ; is a compact metrizable non-torsion abelian
group.

Analogously if K is a compact abelian group admitting a continuous surjective homo-
morphism onto a power S* of a compact non-torsion abelian group S, then there exists
a continuous surjective homomorphism of K onto Sfj, where Sy is a compact metrizable
non-torsion abelian group.

iel

In particular this shows that a compact abelian group K admits a continuous sur-
jective homomorphism onto a product [],.; K; of compact non-torsion abelian groups if
and only if K admits a continuous surjective homomorphism onto a product [[;.; Ko
of metrizable compact non-torsion abelian groups. And analogously K admits a contin-
uous surjective homomorphism onto a power S* of a compact non-torsion abelian group
S if and only if K admits a continuous surjective homomorphism onto a power S§ of a
metrizable compact non-torsion abelian group .Sp.

4.1 The “local” case

Claim 4.5. [26, Claim 4.7] Let p € P, let K be a compact Z,-module and N a closed
subgroup of K isomorphic to Z), for some cardinal o > w. Then there exists a continuous
surjective homomorphism of K onto G .

Proof. Let N = [[2, Ny, where each N,, =, Z7, and M = [[>2, p"N,. Then N/M is
topologically isomorphic to GJ. Let Ko = K/M. Then Ko[p"] 2 (N/M)[p"] Zop Z(p")°
for every n € N.. Hence, since p" ! Ky[p"] contains Z(p)?,

w(p”_lKo[p"]) > 0. (4.1)

By Lemma 1.45 there exists a closed subgroup Ny of Ky such that No =, Zgl,
Lo = Ko/No Zop [ 104 Z(p™)P» for appropriate cardinals o1, 3,, with n € N, and the
canonical projection m : Ko — Lg satisfies w(¢(Kp)) = t(Lg). Since Ky[p"] is compact
and trivially meets Ny = ker 7, it follows that 7 [, n): Ko[p"] — Lo[p"] is a topological
isomorphism. Consequently p"~!Lg[p"] is topologically isomorphic to p" ' Ky[p"] and
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hence w(p™ ' Lo[p"]) > o for every n € Ny by (4.1). Therefore sup,cy p>m On > o for
every m € Nj. -

Let us prove that there exists a continuous surjective homomorphism f : Lo — Gj.
Then, combining it with 7 and with the canonical projection of K onto Ky, we are done.
Infinitely many (3,, are infinite. So it is possible to suppose without loss of generality that
all 3, are infinite. If there are infinitely many (, such that £, > o, it is immediately
possible to find the wanted f. Otherwise there exists ng € Ny such that w < 8, < o for
every n > ng, With sup,en ,>n, Bn = 0. Take an increasing subsequence {3y, }ren, of
{Bn}nen, such that supycy, Bn, = 0. Observe that

o¢] o0
[Tz = [T s
k=1

k=1

where Si = [[;2, Z(p™) is a metrizable compact non-torsion abelian group. For every
k € Ny there exists a continuous surjective homomorphism of Sj onto G, and so we
have the continuous surjective homomorphism f : Ly — Gy which is the composition

Lo — [, S, — G, 0

Lemma 4.6. Let p € P and let K be a non-singular compact Zy-module. Then there
wq(K)

exists a continuous surjective homomorphism of K onto G, .

Proof. Let us reduce to the case when K is w-divisible. By Lemma 3.23 the subgroup
H = my(K)K of K is such that w(H) = wg(K) and it is w-divisible because K is non-
singular. Consider the continuous surjective homomorphism ¢, () : K — H given by
the multiplication by mg(K). Clearly every continuous surjective homomorphism of H

onto G;f]d(K) composed with ¢, (k) gives rise to a continuous surjective homomorphism

of K onto G;f)d(K). This is why we suppose without loss of generality that K itself is

w-divisible.
Let X = K. Observe that |X| = w(K) > w. By Remark 1.17 there exists a basic
subgroup By of X such that, for some cardinals a,,, with n € N, and o,

B 2 and X/5y 2 7,
n=1

put |X/By| = o and note that ¢ = ¢ in case 0 > w. As in Remark 1.17, for every
m € N+ let

Bim=@Zp") ) and By = @ Z(p™.
n=1 n=m+1

Then X = X1,, ® B1,m, where
Xim =p"X + By and X1m/Bom = X/By = Z(p™®)@).

By Corollary 3.14 |X| = |mX]| for every m € Ny. Moreover | X| = |mX ,| for every
m,n € Ny; indeed
ImXin| = |mp"X + mBa,| = | X|
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by Corollary 3.14 and our hypothesis on K. Consider, for every n € N, the sequence
of cardinals {3, : n € N;} where 38, = sup{a,,, : m € N;m > n}. By the property
of cardinals, there exists nyp € N4 such that 3, = 3,, = [ for every n > ng. Thus
|X| =o0-p3,in fact

|X| = |X17n0| = |X1,HO/B2JL0| : |B2,no| =o-f.

If | X| = o, then 0 > w because | X| = w(K) > w. So in this case 0 = ¢’ and X/Bj =
Z(p‘x’)("). By Pontryagin duality K has a subgroup topologically isomorphic to Zf.
Claim 4.5 applies to conclude that there exists a continuous surjective homomorphism
of K onto Gj.

If | X| > o, then |X| = |Ban,| = 8 > w. We prove that

Boy > @D 2. (4.2)

neNL

Let
A={neN:n>ngy,a, =0}

If A is infinite, then 6, 4 Z(p™)(en) = DB,ca Z(p™)®) contains a subgroup topologically
isomorphic to Py, Z(p™)® | so (4.2) holds true. Assume that A is finite. Then there
exists an appropriate n; > ng such that § > a,, for every n > ny. Still 8 = sup{a, :
m > n1} holds true, because |X| = |mX| for every m € Ny as noted before, and
|X| = |Ban,| by our hypothesis |X| > o. There exists an infinite subset I of N such
that {a,, : n € I} is strictly increasing with § = sup{a,, : m € I} and n > n; for all
n € I. Clearly 8 = sup,,cp am, holds true also for every infinite subset I’ of I. We can
write I = Un€N+ I,,, where each I, is infinite and I, N I,,, = @ for every n # m. Then
for every n € N

@ Z(pm)(am) > @ Z(pn)(am) ) Z(pn)(ﬂ).

méel, mel, m>n

Since By, > P Z(p™) (@) we see that By, contains also Dicr Diner, Z(p™)(@m)
and the latter group contains a subgroup topologically isomorphic to @nan Z(p")(ﬁ).
Thus (4.2) holds also in this case. By Pontryagin duality there exists a continuous
surjective homomorphism of K onto the dual of the latter set, that is topologically
isomorphic to Gg . [

n>ni

4.2 Projection onto w-divisible products

Fact 4.7. A metrizable compact non-torsion abelian group S admits as a quotient one
of the following four groups: either T, or Gy, or Z, for some p € P, or Sy for some
infinite m C P.

Proof. Let X = S. Then X is a countable discrete abelian group, which is not bounded
torsion by Pontryagin duality. If X contains an isomorphic copy of Z, then .S admits T
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as a quotient. If 7 = {p € P: r,(X) > 0} is infinite, since X has a subgroup isomorphic
to @,c, Z(p), it follows that S admits Sr as a quotient. If 7 is finite, there exists p € P
such that t,(X) is infinite. So we can assume without loss of generality that X is an
infinite p-group. By Remark 1.17 there exists a basic subgroup By = -, Z(p™)(an)
of X, for some cardinals o, < w, with n € N, such that X/By = Z(p>)(?) for some
cardinal o. If there exists a sequence {ny}ren . of positive integers such that ny — oo
and oy, > 0 for every k € Ny, then By contains a subgroup isomorphic to @g- ; Z(p"*).
Since the latter group obviously contains a copy of the group @, ; Z(p™), we conclude
that in this case S admits G, as a quotient by Pontryagin duality. If this subsequence
does not exist, By is bounded torsion, that is, there exists n € N such that p" By = {0}.
By Remark 1.17 X 2 p" X @ By, where X/By = Z(p™)(@). Note that ¢ > 0, otherwise X
would be bounded torsion and consequently S would be torsion by Pontryagin duality.
So X contains a copy of the group Z(p™), therefore S admits Z, as a quotient again by
Pontryagin duality. O

Example 4.8. Let p € P. There exists a continuous surjective homomorphism G, —
w
Gp. . . . .
To see this consider for every n € Ny an increasing sequence of natural numbers
{mnrtren, . Then G, =4 [102 [The) Z(p™n*), which admits a continuous surjective
homomorphism onto G

In the following remark we show the cases in which a singular compact abelian group
admits a projection onto a product [[,.; K;, where each K is a metrizable compact non-
torsion abelian group and |/| = w. The condition wy(K) = w is necessary to have this
projection. Indeed, if wy(K) < w, then K is bounded torsion and it admits no continuous
surjective homomorphism onto a product of a metrizable compact non-torsion abelian
group S.

Remark 4.9. A singular compact non-torsion abelian group K admits a continuous
surjective homomorphism onto [[°7; K,,, where each K, is a metrizable compact non-
torsion abelian group, precisely when some of the following occurs:

(a) there exists a continuous surjective homomorphism f : K — T¥ if and only if
ro(K) = w;

(b) for some p € P, there exists a continuous surjective homomorphism f : K — G, if
and only if rp(pmf() = w for every m € N (i.e., wq((K/c(K))p) = w);

(c) there exists a continuous surjective homomorphism f : K — [[°, Sx,, where each
Ty, is an infinite subset of IP, if and only if there exists an infinite subset 7 of P
such that 7,(K) # 0 for every p € 7.

Proof. Assume that K admits a continuous surjective homomorphism onto [[72 | Kp,
where each K, is a metrizable compact non-torsion abelian group. Since K is singular
and non-torsion, there exists m € N such that w(mK) = w. Moreover there exists
a continuous surjective homomorphism of mK onto [[ ., mK,, where each mK, is
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a metrizable compact non-torsion abelian group. So we can assume without loss of
generality that K is metrizable. Then X = K is countable.

By Pontryagin duality there exists such a continuous surjective homomorphism if
and only if X contains @, ; X, where each X, is not bounded torsion (otherwise K,
would be torsion by Pontryagin duality). Moreover by Fact 4.7 each K, admits as a
quotient one of the following four types of groups: either T or G, or Z, for some p € P
or S, for some infinite 7 C IP.

(a) Suppose that there exists a continuous surjective homomorphism K — T¢.
Equivalently X contains a subgroup isomorphic to Z*), that is rq (X) =w.

(b) If there exists a continuous surjective homomorphism K — G, then X has a
subgroup isomorphic to @, ; Z(p™)«). Consequently rp(p"X) = w for every n € N.

Suppose that r,(p"X) = w for every n € N. By Remark 1.17 there exists a basic
subgroup By of X, that is By = @°°, Z(p")(®") and X/ By = Z(p>°)(?) for some cardinals
an, with n € Ny, and o.

If o, > 0 for infinitely many n € N, then X contains a subgroup isomorphic to
D, | Z(p™). By Pontryagin duality there exists a continuous surjective homomorphism
K — Gp. By Example 4.8 there exists a continuous surjective homomorphism G, — G .

If o, = 0 for all but finitely many n € Nj, it means that p™By = {0} for some
m € N. Therefore, following the notations of Remark 1.17, Bs ,, = {0} and so X, =
p" X + By = p™ X and

Xl,m — Xl,m/B2,m = X/BO = Z(poo)(a).

Since by hypothesis 7,(p"X) = w, it follows that r,(Z(p>®)(?)) = w. Therefore o = w.
Since p™ X is a subgroup of X, by Pontryagin duality there exists a continuous surjective
homomorphism K — Z; and Z; admits a continuous surjective homomorphism onto
G, .

(c) Suppose that there exists a continuous surjective homomorphism K — [[>7, Sz,
where each 7, is an infinite subset of P. Therefore X 2 ;2 D,c,, Z(p). Then
7 = Jo2, 7y is an infinite subset of of P such that r,(X) # 0 for every p € .

Conversely, if there exists an infinite subset 7 of P such that 7,(X) # 0 for every p €
7, then there exist countably many infinite subsets m,, pairwise with trivial intersection,
where n € N, of 7 such that |J;2 | m, = 7. Then

X2z =P P 7).

peET n=1 pemn
By Pontryagin duality there exists a continuous surjective homomorphism of K onto
H?Zl Sﬂ'n . D

The next claim is the totally disconnected case of Theorem 4.11 and it is applied in
the proof of that theorem.

Claim 4.10. If K is a non-singular totally disconnected compact abelian group, then
there exists a continuous surjective homomorphism of K onto a w-divisible product of
weight wy(K).
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Proof. As K is totally disconnected, we can write K =, HpeIP’ K, by Remark 1.44(b).
Let k), = w(K)) for every p € P. As K is non-metrizable, P\ Py, (K) # 0.
If P\ P, (K) is finite, then by Lemma 3.19

wq(K) = max{wq(K,) : p e P\ Pp(K)}.

So there exists p € P\ P, (K) such that wg(K) = wq(K,). We can apply Lemma 4.6 to
the non-singular Z,-module K, to find a continuous surjective homomorphism from K,
to Swa(Kp) = (G}p“’d(K ). Take the composition of this homomorphism with the canonical
projection K — K,. We can argue in the same way when wy(K) = wq(K),) for some
p € P. Therefore from now on we assume that wq(K) > wq(K)) for all p € P and this
implies that P\ P,,(K) is infinite. By Lemma 3.47(b) we have wy(K) = ws(K).

For p € P\ P, (K) consider the quotient K,/pK,. If X = I/(\p, by Fact 1.42(b)

o —

X is a p-group. By Fact 1.32(a) we know that X[p] =, K,/pK,. Moreover, since
|X| is not countable, | X[p]| = |X| = kp. By Pontryagin duality K,/pK), =op Z(p)" .
Consequently there exists a continuous surjective homomorphism of K, onto Z(p)"».
Since P\ P, (K) is infinite, II(K) is not empty and so infinite as well. We have two
cases. If w(K) is infinite, then there exists a continuous surjective homomorphism

~ wq (K
K— I 2o)" =g, s5al),
pEm(K)

as kp = ws(K) = wq(K) for all p € m(K). Otherwise 7(K) is finite and so 7*(K) is
infinite, because II(K) is infinite and II(K) = 7*(K) U n(K) is a partition of II(K).
So we can suppose without loss of generality that II(K) = 7*(K). By Lemma 3.47(b)
ws(K) = suppen(k) fip- Moreover wg(K) = ws(K) > k) for all p € II(K). Order the
set {kp : p € II(K)} so that ky, < kp, < ... < kp, < ... and note that the inclusion
{pn : n € Ny} C II(K) could be proper. Nevertheless ws(K) = sup,en, fp,. Let
C =T1I2, Z(py)rn. Then w(C) = ws(K) = wq(K) and

o0 oo n oo o0 o0
C=[]zwn)" =[] 11Z@)™ =] ]] 2@ =]] 5"
n=1 n=1i=1 i=1n=i =1

where m; = {p, : n € Ny, n > i} is infinite for every ¢ € Ny. To end up the proof note
that C' is a w-divisible product of weight w,(K). O

The next result is Theorem D of the introduction.

Theorem 4.11. Let K be a non-singular compact abelian group. There exists a con-
tinuous surjective homomorphism of K onto a w-divisible product [[,.; K; if and only if
w < Il <wy(K).

In particular every non-singular compact abelian group K admits a continuous sur-
jective homomorphism onto a w-divisible product of weight wq(K).

el
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Proof. Since K is non-singular, kK = wy(K) > w. According to Lemma 3.21
wq(K) = max{w(c(K)), wq(K/c(K))}.

If wg(K) = w(c(K)), there exists a continuous surjective homomorphism of K onto T*
by Fact 1.41. So it is possible to suppose that wgq(K) > w(c(K)) and then wg(K) =
wq(K/c(K)). By Claim 4.10 applied to K/c(K) there exists a continuous surjective
homomorphism of K/c¢(K) onto the w-divisible product []..; K; such that |I| = k. It
remains to take the composition K — K/c(K) — [[,c; K.

To prove the opposite implication, suppose that there exists a continuous surjective
homomorphism of K onto a w-divisible product [[,.; K;. Then |I| > w. Since the
divisible weight is monotone by Proposition 3.17, so wq(K) > |I|. O

el

Corollary 4.12. A compact abelian group K is w-divisible if and only if there exists a
continuous surjective homomorphism of K onto a w-divisible product [],.; K; such that
|| = w(K) > w.

In Corollary 4.18 the following result can be improved, taking the K; all equal.

Corollary 4.13. Let k be an infinite cardinal. A compact abelian group K is non-r-
singular if and only if there exists a continuous surjective homomorphism of K onto a
w-divisible product [[;.; K;, where |I| = wq(K) > k.

Here is a corollary of Lemma 3.23 and Theorem 4.11. It is not used in our proofs, but
we give it in order to emphasize the analogy between w-divisible and connected /divisible
compact groups, since ro(K) = |K| = 2¥5) for every divisible compact abelian group
K [31].

Corollary 4.14. If K is a non-singular compact abelian group, then ro(K) = owa(K)

In particular ro(K) = 2°5) | whenever K is w-divisible.

Proof. Let 0 = wg(K) and H = my(K)K. By Lemma 3.23 ¢ = w(H) and H is w-
divisible because wq(H) = w(H) = 0 > w since K is non-singular. By Theorem 4.11
there exists a continuous surjective homomorphism of H onto the w-divisible product
[Lic; Ki with |[I| = 0. By Fact 1.36 and since |K;| = ¢, ro(K;) = ¢. Consequently
ro([[;er Ki) = 27 and ro(H) > 29. But |H| = 27 and so ro(H) = 2°. Hence ro(K) =
T‘Q(H) = 2°. ]

4.3 Projection onto w-divisible powers

As we do in Remark 4.9 for products, in the following remark we describe the cases
in which a singular compact abelian group admits a projection onto S“, where S is
a metrizable compact non-torsion abelian group. As in Remark 4.9 wy(K) = w is a
necessary condition to have these projection.

Remark 4.15. A singular compact non-torsion abelian group K admits a continuous
surjective homomorphism onto S“ for some metrizable compact non-torsion abelian
group S precisely when some of the following occurs:
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(a) there exists a continuous surjective homomorphism f : K — T“ if and only if
ro(K) = w;

(b) for some p € IP, there exists a continuous surjective homomorphism f : K — G if
and only if rp(pmf() = w for every m € N (i.e., wi((K/c(K))p) = w);

(c) for 7 an infinite subset of P there exists a continuous surjective homomorphism
f: K — 8% if and only if r,(K) = w for every p € 7.

Proof. Let X = K. Assume that K admits a continuous surjective homomorphism onto
S“ for some metrizable compact non-torsion abelian group S. By Fact 4.7 such a group
S admits as a quotient one of the following four groups: either T, or G, or Z, for some
p € P, or S; for some infinite 7 C P.

(a) and (b) are proved in Remark 4.9.

(c) Suppose that there exists a continuous surjective homomorphism K — S¥. Equiv-
alently, by Pontryagin duality, X 2 ¢, Z(p) (). This means that 7,(X) = w for every
pE . ]

The following claim, which is used to prove Theorem 4.17, analyzes when it is possible
to project a totally disconnected compact abelian group onto a power of a metrizable
compact non-torsion abelian group.

Claim 4.16. Let K be a totally disconnected compact abelian group, k, = w(kK,) for
each p € P and I an uncountable set of indices.

(a) If © € P and |I| < kp for all p € m, then there exists a continuous surjective
homomorphism f : K — SI.

(b) If wqa(K,) < |I| for all p € P and there exists a continuous surjective homomor-
phism f : K — S, where S is a metrizable compact non-torsion abelian group,
then |I| < K, for all p € © for some infinite m C P.

Proof. (a) For every p € 7 the inequality |I| < &, yields that &, is uncountable, so
w(K,/pKp) = kp by Lemma 3.40. Hence K,/pK,, is isomorphic to Z(p)"». Moreover,
there exists a continuous surjective homomorphism Z(p)*» — Z(p)!, since |I| < k.
Therefore there exists a continuous surjective homomorphism

I
K 4 H K, — H Z(p)" Z0p <H Z(p)> =sL

peP peE™ PpET

(b) Suppose that wq(K,) < |I| for all p € P and that there exists a continuous
surjective homomorphism f : K — S!, where S is a metrizable compact non-torsion
abelian group. Then S is totally disconnected and compact, so S =, HpeIP S, by
Remark 1.44(b). Since wq(K,) < |I| for all p € P, it follows that S, is torsion for all
p € P. Indeed, if S, were not torsion, since there exists the surjective homomorphism
fo=1F Ik, Kp— 5’; by Remark 1.44(c), Proposition 3.17 would imply that wg(K,) >
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wd(Sé) = |I|. Hence S, is a bounded p-torsion group for every p € PP, being p-torsion
and compact and in view of Fact 1.36. Since S is non-torsion, .S}, has to be non-trivial
for infinitely many p € PP, and so r,(S) = 7,(Sp) > 0 for infinitely many p € P. Let
p € P be such that rp(S ) > 0 By Pontryagin duality there exists a continuous mJec‘mve
homomorphism &P IS — K Since S, is a bounded p-torsion abelian group, Sp is
a bounded p—torsmn abelian group as well by Fact 1.42(b) and by Pontryagin duality.
Therefore rp(S ) > 0 and it follows that rp(K ) > |I|. Hence k), = w(K,) > |I]. O

Theorem 4.17. A non-singular compact abelian group K admits a continuous surjective
homomorphism onto a w-divisible power SWiK) precisely when some of the following
0CCUTS:

(a) there exists a continuous surjective homomorphism f : K — Twa(K) if and only if
wq(K) = w(c(K));

(b) for some p € P, there exists a continuous surjective homomorphism f : K —

Gy ™) if and only if wa(K) = wa((K/c(K))p);

(c) if m is an infinite subset of {p € P : p > my(K)}, then there exists a continuous
a0 it and only if wa(K) = w((K/e(K)),)

surjective homomorphism f : K — Sz
for every p € m.

Moreover every compact abelian group K with cf(wy(K)) > w admits a continuous sur-
jective homomorphism onto a w-diwvisible power SWi¥),

Proof. Assume that K admits a continuous surjective homomorphism onto a w-divisible
power Swa(K), By Fact 4.7 S, being a metrizable compact non-torsion abelian group,
admits as a quotient one of the following four groups: either T, or G,, or Z, for some
p € P, or S, for some infinite 7 C P.

Depending on which of these four cases occurs we have either (a) or (b) or (c).

(a) Assume that there exists a continuous surjective homomorphism f : K — Twa(K),
Then the restriction of f to the connected component ¢(K) gives rise to a surjective
continuous homomorphism f [ xy: c¢(K) — TwalK) This yields w(c(K)) > wq(K),
while the inequality wq(K) > w(c(K)) is always available. This proves that wgy(K) =

w(c(K)).
On the other hand, if wq(K ) w(c(K)), then there exists a surjective continuous
homomorphism K — T%(€(K)) = Twa(K) Ly Fact 1.41.

(b) Assume that there exists a continuous surjective homomorphism f : K — ng(K).

From wg(K) > w, we conclude that Z;)d(K) admits ng(K) as a quotient. So we can
suppose that there exists a continuous surjective homomorphism f : K — ng(K) for

some p € P. Since G, wa(K) i totally disconnected, f(c(K)) = {0} and so f factorizes
through the projection K — K/c¢(K). This produces a continuous surjective homo-

morphism K/c¢(K) — ng(K). By Remark 1.44(c) there exists a continuous surjective
homomorphism (K/c¢(K)), — ng(K), hence wq(K) < wq((K/c(K))p) by Proposition
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3.17. The other inequality is always available by Proposition 3.17 again. This proves
that wq(K) = wa((K/c(K))p)-

On the other hand, if wq(K) = wq((K/c(K))p), then there exists a continuous sur-
jective homomorphism (K/c¢(K)), — Gp alk) by Lemma 4.6. It remains to compose with
the canonical projections K — K/c(K) — (K/c(K))p.

(c) Assume that there exists a continuous surjective homomorphism f : K — Sy alk),

Since for every p € 7 there exists a continuous surjective homomorphism ¢, : Sy —
Sx/pSx = Z(p), we obtain a continuous surjective homomorphism f, : K — Z(p)waK),
Since every f, factorizes through the canonical projection K — (K/c(K)), (as noted in
the proof of (b)) applying Remark 1.44(c) we get a surjective continuous homomorphism
l: (K/e(K))p — Z(p)“+). This proves that w((K/c(K)),) > wa(K) for every p € ©
by Proposition 3.17. The converse inequality holds, because by hypothesis for every
p € m p>mg(K) and so my(K)(K/c(K))p, = (K/c(K))p. Hence w,((K/c(K))y) <
w(mg(K)(K/c(K))) < wq(K) for every p € .

Assume that wy(K) = w((K/c(K)),) for every p € m. Since in general wq(K) >
wq(K/e(K)) > w((K/c(K))p) for every p € m by Proposition 3.17, we obtain

wq(K/e(K)) = w((K/c(K))p) for every p € 7.

Apply Claim 4.16 to the totally disconnected compact abelian group K/c¢(K) to find a

continuous surjective homomorphism g : K/c(K) — Sy 45) Then take the composition
of g with the canonical projection K — K/c¢(K).

To finish the proof we have to see that if K is a non-singular compact abelian group
such that there exists no continuous surjective homomorphism f : K — S%()  where
SwalK) is a w-divisible power, then cf(wg(K)) = w. By (a) wq(K) > w(c(K)) and
s0 wy(K) = wg(K/c(K)) by Lemma 3.21. By (b) and (¢) wy(K) = wqe(K/c(K)) >
wq((K/c(K))p) for all p € P. In view of Lemma 3.47(b)

wa(K) = wa(K/c(K)) = ws(K/c(K)) = eH(S}g/p(m)w((K/C(K))p)-

This proves that cf(wg(K)) = w. O

The next result is Corollary D* of the introduction. It improves in some sense
Corollary 4.13 and gives exactly the condition needed for a crucial part of Theorem B*
of the introduction.

Corollary 4.18. Let k be an infinite cardinal. A compact abelian group K is non--
singular if and only if there exists a continuous surjective homomorphism of K onto a
w-divisible power ST

Proof. If there exists a continuous surjective homomorphism of K onto a w-divisible
power S%" | then wq(K) > Kk by Lemma 3.17 and so K is non-x-singular.

Suppose that K is non-k-singular. We have to consider two cases. If there exists a
continuous surjective homomorphism of K onto a w-divisible power Swa(K)  we are done
since wy(K) > k.
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Assume that such a homomorphism is not available. By Theorem 4.17 this means
that cf(wq(K)) = w and wy(K) > w(c(K)). The condition cf(wy(K)) = w, together with
wq(K) > k, implies wg(K) > k*. The condition wg(K) > w(c(K)) implies wg(K) =
wq(K/c(K)) by Lemma 3.21. So assume without loss of generality that K is totally
disconnected. According to Theorem 4.17 our hypothesis yields wg(K) > wq(K,) for all
p € P. By Lemma 3.47(b) wy(K) = ws(K) = suppeqnx) w(Kp). Since II(K) is infinite,
either II(K) = #*(K) is infinite or 7(K) is infinite. In both cases w(K,) > kT for
infinitely many p € P. By Claim 4.16 there exists a continuous surjective homomorphism
K — S O

4.4 The non-abelian case

The connected compact groups behaves “nicely” even in the non-abelian case. Indeed in
[68] it is proved that if K is a connected compact group, then K/Z(K) is topologically
isomorphic to a product of metrizable groups. This result was improved in the next one.
A Lie group is a topological group locally homeomorphic to R™ for some n € N,..

Theorem 4.19. [15, Theorem 4.2] If K is a non-trivial connected compact group, then
K/Z(K) is topologically isomorphic to | [, Ki, where each K; is a non-trivial connected
compact non-abelian simple Lie group.

In particular there exists a continuous surjective homomorphism of K onto a product
[Lic; Ki of non-trivial Lie groups with |I| = w(kK).

1€1

The problem is open in general:

Problem 4.20. Does every compact group admit a continuous surjective homomorphism
onto a product of metrizable compact non-torsion groups?

Since the answer is positive for connected compact groups by Theorem 4.19, it is
convenient to consider first the opposite case:

Problem 4.21. Does every totally disconnected compact group admit a continuous sur-
jective homomorphism onto a product of metrizable compact non-torsion groups?
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Chapter 5

The free rank of abelian
pseudocompact groups

In [34] the authors proved the following theorem and left open in general the problem
of the admissibility of the free rank of a pseudocompact abelian group:

Theorem 5.1. [34, Theorem 3.21] If G is a non-trivial connected pseudocompact abelian
group, then Ps(ro(G), w(G)) holds.

In particular this implies that Ps(ro(G)) holds, i.e., ro(G) is admissible, for every
non-trivial connected pseudocompact abelian group.

Problem 5.2. [34, Problem 9.11] Is Ps(ro(G)) a necessary condition for the existence
of a pseudocompact group topology on a mon-torsion abelian group G ?

As mentioned in [34] this problem seems to be important for the characterization of
the abelian groups admitting pseudocompact group topologies [34, Problem 0.2].

In this chapter, in Theorem 5.13 we prove the counterpart of Theorem 5.1 weakening
the hypothesis from connected to w-divisible. Furthermore we answer positively to
Problem 5.2 in Corollary 5.18.

5.1 Measuring dense pseudocompact subgroups

In the introduction we have defined Ps(\, k) for cardinals A, x with x infinite. For a
given infinite cardinal X, the set

Ay = {k infinite cardinal : Ps(\, k) holds}

is not empty because 2* € Ay. Then, for the properties of cardinal numbers, Ay admits
a minimal element. So we can give the definition of the cardinal function m(—), which
is strictly related to Ps(—, —).

Definition 5.3. [34, Definition 2.6] Let x be an infinite cardinal. Then m(k) is the
minimal cardinal X such that Ps(\, k) holds.

65
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This cardinal function was defined in [15] in terms of compact groups: if K is a
compact group of weight x, then m(x) denotes the minimum cardinality of a dense
pseudocompact subgroup of K. The function m(—) is defined as a function of the
weight because it depends only on it [15]. A consequence of this fact, of Theorem 2.7
and of the following theorem is that these two definitions of m(—) are equivalent.

Theorem 5.4. [15] (see also [34, Fact 2.12 and Theorem 3.3(i)]) Let A and k > w be
cardinals. Then Ps(\, k) holds if and only if there exists a group G of cardinality A which
admits a pseudocompact group topology of weight k.

Fact 5.5. [6] (see also [15, Theorem 2.7]) Let k be an infinite cardinal. Then:
(a) m(k) > 2% and cf(m(K)) > w;
(b) log(k) < m(x) < (log )"

Some useful properties of the condition Ps(A, k) are collected in the next proposition;
(a) and (b) are part of [34, Lemma 2.7] and (d) is a particular case of [34, Lemma 3.4(i)].

Proposition 5.6. (a) Ps(c,w) holds and moreover m(w) = c.

(b) IfPs(\, k) holds for some cardinals \, k > w, then Ps(XN', k) holds for every cardinal
N such that X < X < 2%,

(¢) For cardinals A\, k > w, Ps(\, k) holds if and only if m(k) < X < 2.
(d) Ps (2”, 22K) holds for every infinite cardinal k.

Proof. (a) For the first part it suffices to note that {0,1}* has cardinality ¢. (Using
Theorem 5.4, for example T is metrizable and has cardinality ¢.) For the second part we
need to observe that every w-dense subset S of {0, 1}* has to coincide with {0,1}* and
in particular S| = c.

(b) If F is an w-dense subset of {0,1}" of cardinality A, then every subset F’ of
{0,1}* such that FF C F’" and F’ is w-dense in {0,1}*. Moreover the cardinality of F’
cannot be bigger than [{0,1}"| = 2".

(c) Suppose that Ps(\, k) holds for some cardinals A, x > w. Then A > m(x) by the
definition of m(—). Moreover a subset of {0,1}" cannot have size bigger that 2% and
so A < 2. Conversely, suppose that m(x) < A < 2% for some cardinals A\, kK > w. The
Ps(A, k) holds, because Ps(m(k), k) holds and so it is possible to apply (b).

(d) Since log 22" < 2% and by Fact 5.5(a),
m (2%7) < (log2?")” < (2%) =2~
Consequently m(22") < 2% < 22" and hence Ps (2%,22") holds by (b). O

We give some results about m(—) concerning cardinals  for which it is possible that
m(k) < 2°.
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Lemma 5.7. If k is a cardinal of countable cofinality such that 2<% < 2% then m(x) = 2"
implies that k is a strong limit.

Proof. Suppose that  is not a strong limit. We prove that m(k) < 27. Since k has
countable cofinality, there exists an increasing sequence {k, }nen of cardinals such that
K = Sup,en kn and k, < k for every n € N. By Claim 1.3 there exists n € N such that
2fn > . Hence log k < k. Therefore

(log k)” < Ky < 27 <27,

By Fact 5.5(a) m(k) < (log x)* and so m(x) < 2<%. Finally 2<% < 2" by hypothesis. [

Corollary 5.8. Let K be a compact abelian group such that w(K) = k is an infinite
cardinal of countable cofinality and 2<% < 2%. Then K admits a small dense pseudo-
compact subgroup D whenever k is not a strong limit. In such a case D can be chosen
of size any k with 2<% < X\ < 2",

Proof. The first statement is a direct consequence of Lemma 5.7. For the second part
it is sufficient to prove that m(x) < 2<%. Since cf(k) = w, £ > w and there exists an
increasing sequence of infinite cardinals {xy, }nen such that k = sup,,cy kn and K, < k.
Since k is not a strong limit, there exists n € N such that 2°» > k and so k,, > logx. By
Fact 5.5(a) m(k) < (logk)¥. Therefore m(k) < (kp)* < 2. Hence m(k) < 2<". O

Since under GCH every limit cardinal is a strong limit, the following are consequences
of Lemma 5.7.

Corollary 5.9. Under GCH, if k is an infinite cardinal of countable cofinality such that
25K < 25 then m(k) = 2°.

Proof. Since cf(k) = w, k is a limit cardinal and then x is a strong limit because we
are assuming GCH. Then log x = k by Claim 1.3. By Fact 5.5 m(x) > log x and m(k)
cannot have countable cofinality. So m(x) > k and hence m(x) = kT = 2~. O

The following is a direct consequence of Corollary 5.9.

Corollary 5.10. Under GCH a compact abelian group K such that w(K) = k is an infi-
nite cardinal of countable cofinality and 2<% < 2" admits no small dense pseudocompact
subgroup.

Remark 5.11. Under GCH every limit cardinal is a strong limit and so the opposite
implication of Lemma 5.7 holds as shown by Corollary 5.9, but it does not hold in
general. In fact in [47] Gitik and Shelah showed that it is possible that there exists a
strong limit cardinal k with cf(k) = w and m(k) = kT < 2°.
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5.2 The case of w-divisible pseudocompact abelian groups

It is immediate to weaken the hypothesis of Theorem 5.1 from connected to almost
connected:

Corollary 5.12. If G is a non-trivial almost connected pseudocompact abelian group,

then Ps(ro(G), w(G)) holds.

Proof. Since ¢(G) € A(G), by Corollary 2.21(b,d) with x = w, ¢(G) is a non-trivial
connected pseudocompact abelian group such that w(c¢(G)) = w(G). By Theorem 5.1
Ps(ro(c(G)), w(c(G))) holds. Consequently it remains to prove that ro(c(G)) = ro(G).
This holds because 79(G) = 19(c(G)) +10(G/c(G)) by Lemma 1.7, where ro(c(G)) > ¢ by
Fact 1.36 and, since G/¢(G) is metrizable by Theorem 2.20, ro(G/c(G)) < |G/c(G)| <
c. Ul

One can ask also whether connectedness is a necessary condition in order that
Ps(r9(G), w(G)) holds for a pseudocompact abelian group G. Using a technique similar
to that of the proof of Theorem 5.1 and applying Theorem 4.11 we prove the follow-
ing result, that generalizes Theorem 5.1 to w-divisible pseudocompact abelian groups,
which are far from being connected (while connected pseudocompact abelian groups are
w-divisible). This result is Theorem E of the introduction.

Theorem 5.13. If G is a w-divisible pseudocompact abelian group, then Ps(ro(G), w(Q))
holds.

Proof. Let w(G) =k > w and K = G. Then K is a w-divisible compact abelian group of
weight x in view of Lemma 3.27. By Theorem 4.11 there exists a continuous surjective
homomorphism f : K — [[..; K;, where [[,.; K; is a w-divisible product of weight
|I| = k > w. By Fact 1.36 ro(K) > c.

Let o : [[;c; Ki — [Lies Ki/t(K;) be the product of the canonical projections K; —
K;/t(K;) . For AC I let

4=, 0 | Ki— [ Ki/t(K).
i€A i€A
Moreover
mac [[Ki— [ K and 7a: [[ Ki/t(K) — [ Ki/t(K3)

el i€A el i€A
are the canonical projections. Let

H = £(G) € [[ K and A = o(H)  [] Ki/t(Ko),

icl iel

while

i:H—|[Ki and i:H— [[Ki/t(K))
i€l el
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are the inclusion maps. Finally ¢ = ¢ [g: H — H.

Let i € I. Then |K;/t(K;)| = ¢, because K;/t(K;) is torsion free, K; is metrizable
compact non-torsion and ro(K;/t(K;)) = ro(K;) = ¢ by Fact 1.36. Then there exists a
bijection &; : K;/t(K;) — X, where X is a set of cardinality ¢. Consequently

¢=1]&: [] Kitx) — X" = x~,
iel el
defined by &((ki)ier) = (&i(ki))ier for every (ki)ier € [lic; Ki/t(Ki), is a bijection.
Define H = ¢(H) and € = ¢ lg: H — H, let i : H — X! be the inclusion map and

74 : X! — X4 the canonical projection. Moreover let

X=80¢, a=8 I, Kk and xa=~&aopa

and define )
wa =704 and g = T4 O1.
This gives the following commutative diagram:
wa
HE€ i Hz‘el K; = Hz‘eA K; (5-1)
P » PA

x F—>T1

ier Ki/t(Ki) = [Tica Ki/U(KG)  |xa

3 3 §a

EN
3
b

XA

Jig : X!

We want to prove that
Ps (|H|, x) holds.

To this aim we prove that H = £(H) is w-dense in X'.

Let A be a countable subset of I. Since G is a dense pseudocompact subgroup
of K, H is a dense pseudocompact subgroup of [],.4 K; by Fact 2.6(a,c). Therefore
wa i H — [[;c 4 Ki is surjective. In fact each K; is metrizable, so [];c 4 K; is metrizable
as well; since wa(H) is a pseudocompact subgroup of the metrizable group [[,. 4 K, it
is compact; being also dense, it coincides with J[,c 4 Ki. Also xa : [[;c4 Ki — X4is a
surjection and so x4 o wy4 is surjective as well. But

XAOwWA =Wa0X

and hence w4 o is surjective; thus w4 is surjective too. Since A is an arbitrary countable
subset of I, this proves that H is w-dense in X I, Therefore |H| > w. Since ¢ is a bijection,
|H| = |H| > w. This yields that Ps (|H[, x) holds.
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Since there exists a surjective homomorphism of G onto H, ro(G) > ro(H) = |H]|.
(The last equality is due to |H| = |H| > w and the fact that H is torsion free as a
subgroup of the the torsion free group [[;.; Ki/t(kK;).) Moreover r9(G) < |K| = 2~.
Since Ps (|H|, ) holds, Ps(ro(G), ) holds as well by Proposition 5.6(b). O

Lemma 5.14. Let G be a non-singular pseudocompact abelian group. If Ps(ro(G), w(G))
holds, then w(G) < 92"d(@)

Proof. To begin with, by Proposition 5.6(b) Ps(ro(G), w(G)) yields
w(@) < 270(@), (5.2)

By Lemma 3.23 there exists a pseudocompact subgroup H of G such that w(H) =
wq(H) = wy(G) and ro(H) = ro(G). Since G is non-singular, wg(H) = w(H) > w and so
H is w-divisible. In view of Theorem 5.13 Ps(ro(H),w(H)) holds and so ro(H) < 2@,
that is

ro(G) < 20a(G), (5.3)

Equations (5.2) and (5.3) together give w(G) < 92va(@) -

The upper bound given by this lemma can be reached for singular groups: the
following example furnishes an example of a singular pseudocompact abelian group G
for which Ps(ro(G), w(G)) and w(G) = 22“““ hold.

Example 5.15. For every infinite cardinal x there exists a compact abelian group Hy
such that:

o ro(Hy) =2"%;
o wy(Hy) = K;
o w(H,) =2%;

e Ps(ro(H,),w(Hy)) holds.
The group H, = {0,1}?" x T* has the requested properties. Indeed Ps(ro(H,), w(H,))
is Ps(2%,2%"), which holds by Proposition 5.6(d).

Every Hj is not w-divisible and H,, is singular.

This example shows also that the converse implication of Theorem 5.13 does not hold.
This means that w-divisibility (and so also connectedness) is not a necessary condition

in order that Ps(ro(G), w(G)) holds for a pseudocompact abelian group G. Nevertheless,
we have the following:

Corollary 5.16. For an infinite abelian group G and a cardinal k > w the following
conditions are equivalent:

(a) G admits a connected pseudocompact group topology of weight k;
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(b) G admits a w-divisible pseudocompact group topology of weight k;
(c) Ps(ro(G), k) and |G| < 2" hold.

Proof. (a)<(c) is proved in [34, Theorem 7.1], (a)=-(b) is obvious and (b)=-(c) follows
from Theorem 5.13. O

In this corollary we suppose that x is uncountable, otherwise condition (b) makes
no sense, in view of the definition of w-divisible abelian group. But conditions (a) and
(c) can be considered also for kK = w: (a) becomes G admits a metrizable connected
compact group topology, so in particular ro(G) = |G| = ¢ by Fact 1.36, while (b)
becomes equivalent to ro(G) = ¢. In fact Ps(ro(G),w) and |G| < 2% hold if and only if
¢ = m(w) < ro(G) < |G| < ¢, that is 79(G) = ¢, in view of Proposition 5.6(a,c). So in
the countable case (a)=(c). But the converse implication does not hold true: the group
G = 7% does not admit any connected compact group topology of weight w being not
divisible, while it has ro(G) = ¢. More in general G admits no compact group topology
at all [35, Example 13.3].

5.3 The general case

The following result can be easily deduced from Theorem 5.13. An alternative way to
prove it is adopted in [34].

Theorem 5.17. The condition Ps(ro(G), wq(G)) holds, whenever G is a pseudocompact
non-torsion abelian group.

Proof. By Lemma 3.23 there exists a pseudocompact subgroup H of G such that w(H) =
wq(H) = wq(G) and ro(H) = ro(G). If G is non-singular then H is w-divisible and
Theorem 5.13 applies to H to conclude that Ps(ro(G), wq(G)) holds. If G is singular,
by Lemma 3.34 with Kk = w there exists m € N; such that w(mG) < w, so mG is
compact; therefore 7o(G) = ro(mG) < |mG| < ¢. Since G is non-torsion, ro(G) > ¢ by
Fact 1.36. Hence 79(G) = ¢ and wq(G) = w because G is non-torsion. By Proposition
5.6(a) Ps(c,w) holds. O

The following immediate corollary of Theorem 5.17 is precisely the answer to Problem
5.2.

Corollary 5.18. If G is a pseudocompact non-torsion abelian group, then Ps(ro(G))
holds.

In Corollary 5.16 we considered the problem of the characterization of the abelian
groups admitting pseudocompact group topologies in the case of w-divisible topologies,
which go closer to connected ones. We conclude with the case of singular topologies,
which are closer to the “opposite end”, namely the torsion pseudocompact groups (that
are always totally disconnected). Here we offer only the following:
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Conjecture 5.19. For an infinite abelian group G the following conditions are equiva-
lent:

(a) G admits a singular pseudocompact group topology;

(b) there exists m € Ny such that G[m] admits a pseudocompact group topology and
mG admits a metrizable compact group topology.

If the conjecture was true, this case could be reduced to those of pseudocompact
group topologies on torsion abelian groups (G[m]) and of metrizable compact group
topologies on abelian groups (mG). In [34, §6] is given a clear criterion of when a
torsion abelian group admits a pseudocompact group topology, while in [35] the groups
which admit a metrizable compact group topology are well characterized.

We intend to study whether the results of this chapter can be extended to k-
pseudocompact abelian groups. The first step is to have a better knowledge of the
structure of k-pseudocompact abelian groups, which seem to have properties similar to
those of pseudocompact groups — for instance see Theorem 2.12. Apparently here the
counterparts of Ps(—, —) and Ps(—) are needed for every infinite cardinal k.



Chapter 6

Extremality

As we have done in the introduction for s- and r-extremality (see Definition 8), we gen-
eralize for an infinite cardinal k the definitions of the other different levels of extremality
given in [29] for pseudocmpact groups (for kK = w we find exactly the definitions of d-,
c- and weakly-extremal group).

Definition 6.1. Let k be an infinite cardinal. A topological group G is:
e dg-extremal if G/D is divisible for every dense k-pseudocompact subgroup D of G;
o ci-extremal if ro(G/D) < 2" for every dense k-pseudocompact subgroup D of G;
e r-extremal if it is both d.- and c.-extremal.

If A < k are infinite cardinals, then sy- (respectively, ry-, di-, cy-, A\-) extremality
yields s.- (respectively, rg-, dy-, cx-, k-) extremality. Immediate examples of d,.- and
cx-extremal groups are divisible and torsion topological groups respectively.

In the following diagram we give an idea of the relations among these levels of ex-
tremality for k-pseudocompact abelian groups. The non-obvious implications in the
diagram are proved in Proposition 6.6, Theorem 6.13 and Lemma 6.21.

w(G) <k ’\ (6.1)
/ \

AN
Sk-extremal re-extremal N

N\

N\

k-extremal k-singular

/

d.-extremal Ci-extremal

\/
/\

The obvious symmetry of this diagram is “violated” by k-singularity; but Corollary
6.4 shows that it is equivalent to c-extremality.

73
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The main theorem of this chapter, from which Theorem A" of the introduction
immediately follows, shows that four of the remaining properties in the diagram coincide:

Theorem 6.2. Let k be an infinite cardinal. For a k-pseudocompact abelian group G
the following conditions are equivalent:

(a) G is k-extremal;
(b) G is either s~ or ry-extremal;
(c) w(G) < K.

As the proof of Theorem 6.2 does not make use of Theorem A of the introduction,
in this way we obtain also a completely self-contained proof of that theorem.

Example 6.25 shows that in general d.- and cx-extremality do not coincide with the
other levels of extremality.

To prove Theorem 6.2 we show in Theorem 6.10 that c.-extremal x-pseudocompact
abelian groups have “small” free rank. Moreover Theorem 6.20 proves Theorem 6.2 in
the torsion case. Then, as a consequence of Corollary 4.18, we have that for compact
abelian groups x-singularity is equivalent to cx-extremality and to a third property of a
completely different nature:

Theorem 6.3. Let k be an infinite cardinal. For a compact abelian group K the following
conditions are equivalent:

(a) K is cq-extremal;
(b) K is k-singular;

(c) there exists no continuous surjective homomorphism of K onto a w-divisible power
ST with |I]| > k.

Using (c) we prove in Proposition 6.22 that the free rank of non-s-singular k-
pseudocompact abelian groups is “large”. This allows us to extend the equivalence
of (a) and (b) to the more general case of k-pseudocompact groups:

Corollary 6.4. Let k be an infinite cardinal. Every k-pseudocompact abelian group is
cr-extremal if and only if it is k-singular.

The last stage in the proof of Theorem 6.2 is to show that every x-singular k-extremal
group has weight < k, applying the torsion case of the theorem, that is Theorem 6.20.

6.1 First results

The next proposition shows the stability under taking quotients of d,- and cx-extremality
for k-pseudocompact abelian groups.
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Proposition 6.5. Let k be an infinite cardinal. Let G be a k-pseudocompact abelian
group and let L be a closed subgroup of G. If G is dy- (respectively, cy-) extremal, then
G/L is dy- (respectively, c,.-) extremal.

Proof. Let m : G — G/L be the canonical projection. If D is a dense k-pseudocompact
subgroup of G/L, by Lemmas 1.22(a) and 2.23(b) 7—!(D) is a dense k-pseudocompact
subgroup of G. Moreover G/n~ (D) = (G/L)/D.

Suppose that G/L is not d,-extremal. Then there exists a dense k-pseudocompact
subgroup D of G/L such that (G/L)/D is not divisible. Therefore G/m~(D) is not
divisible, hence G is not dy-extremal. If G/L is not cg-extremal. Then there exists a
dense k-pseudocompact subgroup D of G/L such that ro((G/L)/D) > 2%. Consequently
r0(G/m~Y(D)) > 2%, so G is not c,-extremal. O

In this proposition we consider only d,- and cx-extremality. Indeed Theorem 6.2 and
Example 6.25 prove that, for k-pseudocompact abelian groups, these are the only levels
of extremality that are not equivalent to having weight < k.

The next proposition covers the implication (c¢)=-(b) of Theorem 6.2, even for non-
necessarily abelian groups.

Proposition 6.6. Let £ be an infinite cardinal and let (G,T) be a compact group of
weight < k. Then (G,T) is k- and ry-extremal.

Proof. First we prove that (G, 7) is sy-extremal. Let D be a dense k-pseudocompact
subgroup of (G, 7). Then w(D) < k and so D is compact. So D is closed in (G, 7) and
therefore D = G, because D is dense in (G, 7).

Now we prove that (G, 7) is ry-extremal. Let 7/ be a k-pseudocompact group topology
on G such that 7 > 7. Since ¥(G, ) < &, it follows that also (G, 7") < k. By Lemma
2.16 (G, 7') is compact. Then 7 = 7 by Theorem 1.28. O

6.2 Construction of GG,-dense subgroups

The following lemma is a generalization to k-pseudocompact abelian groups of [21,
Lemma 2.13]. The construction is very similar.

Lemma 6.7. Let k be an infinite cardinal. Let G be a k-pseudocompact abelian group
and G = U, ey An, where all A, are subgroups of G. Then there exist n € N and
N € Ax(G) such that A, "N is G,-dense in N.

Proof. Since (G, P.7) is Baire by Theorem 2.28 and since G = | J,,cy Ainp'ﬁ, there exists
n € N such that IntpKTAinPK"T # 0. The family {z + N : 2 € G, N € A,(G)} is a base
of P,7 by Corollary 2.19; consequently there exist x € G and N € A,(G) such that
x+ N C TnP”T. Since x + N is open and closed in P.7, then

P.T
)

Apn(z+N) " =z+N,



76 CHAPTER 6. EXTREMALITY

that is A, N (x + N) is Gx-dense in z + N.

We can suppose without loss of generality that € A,,, because we can choose a € A,
such that a + N = z + N. In fact, since A4, N (x + N) # 0, because A, N (z + N) is
Gy-dense in z + N, it follows that there exists a € A, N(x+ N). In particular a € x + N
andsoa+ N =x+ N.

We can choose x = 0 because all 4,, < G: since A, N (x + N) is Gx-dense in z + N,
it follows that (A, — ) N N is Gx-dense in N and A,, — x = A,, since x € A,,. a

For k = w the next lemma is [13, Lemma 4.1(b)].

Lemma 6.8. Let x be an infinite cardinal and let G be a k-pseudocompact abelian group.
If N € A(G) and D is Gx-dense in N, then there exists a subgroup E of G such that
|E| < 2% and D + E is G,-dense in G.

Proof. Since D is Gx-dense in N € A,(G), it follows that x + D is G-dense in z + N
for every x € G. By Theorem 2.20 G/N is compact of weight x and so |G/N| < 2%, i.e.,
there exists X C G with | X| < 2% such that G/N ={z+ N :x € X}. We set £ = (X);
then |E| < 2% and D 4 E is Gy-dense in G. O

Lemmas 6.7 and 6.8 imply that in case GG is a k-pseudocompact abelian group such
that G = |J,,cn An, where all A, are subgroups of G, then there exist n € N, N € A.(G)
and F < G with |E| < 2" such that (A, N N) + E is Gx-dense in G. In particular we
have the following useful result.

Corollary 6.9. Let k be an infinite cardinal. Let G be a k-pseudocompact abelian group
such that G = |J,,cn An, where all A, < G. Then there exist n € N and a subgroup E
of G such that |E| < 2% and A, + E is Gy-dense in G.

Thanks to the previous results we prove the following theorem, which gives a first
restriction for extremal x-pseudocompact groups, that is the free rank cannot be too
big. The case k = w of this theorem is [29, Theorem 3.6]. That theorem was inspired
by [12, Theorem 5.10 (b)] and used ideas from the proof of [13, Proposition 4.4].

Theorem 6.10. Let k be an infinite cardinal and let G be a k-pseudocompact abelian
group. If G is ci-extremal, then ro(G) < 2F.

Proof. Let S be a maximal independent subset of G. Then |S| = r¢(G) and there exists
a partition S = ey, Sn such that |Sp| = ro(G) for each n € Ny. Let Uy = (S),
Vo=U1®...®U,and A, = {z € G :nlz € V,,} for every n € N;. Then G = Un6N+ A,
By Corollary 6.9 there exist n € Ny and a subgroup F of G such that D = A, + E is
Gg-dense in G and |E| < 2". Hence |E/(A, N E)| <2*. Since D/A,, = (A, + E)/A, is
algebraically isomorphic to E/(A,NE), it follows that |D/A,| < |E| < 2. Since G is ¢-
extremal, it follows that ro(G/D) < 2" and so ro(G/A,) < 2" because (G/Ay)/(D/Ay,) is
algebraically isomorphic to G/D. On the other hand, ro(G/A,) > ro(G), as U,, embeds
into G/A,,. Hence ro(G) < 2~. O
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6.3 The dense graph theorem

For k = w the following is [29, Lemma 3.7].

Lemma 6.11. Let s be an infinite cardinal. Let G be a topological abelian group and H
a compact abelian group with |H| > 1. Let h: G — H be a homomorphism.

(a) If ker h is Gy-dense in G and h(G) is Gx-dense in H, then I'y, is G,-dense in
G x H.

(b) Suppose that w(H) < k. Then ker h is G,-dense in G and h is surjective if and
only if T'y, is G-dense in G x H.

Proof. (a) Suppose that ker h is Gx-dense in G and that h(G) is G,-dense in H. Every
non-empty Gy-set of G X H contains a G-set of G x H of the form W x O, where W is
a non-empty G-set of G and O is a non-empty Gy-set of H. Since h(G) is G-dense in
H, there exists z € G such that y = h(z) € O. Also z + ker h is G.-dense in G and so
W N (z +ker h) # (. Consequently there exists z € W N (2 + ker h). From = € z + ker h
it follows that  — z € ker h. Therefore h(x — z) = 0 and so h(x) = h(z) = y. Since
x € W, it follows that (z,y) € (W x O) NT'y. This proves that

(W x 0) Ny, 2 0.

Hence I'y, is G,-dense in G x H.

(b) One implication follows from (a).

Suppose that 'y, is Gx-dense in G x H. Let W be a non-empty Gy-set of G. Since
W x{0} is a G-set of G x H, because w(H) = ¢(H) < k, it follows that I',N(W x{0}) #
(. But

LN (W x{0}) =(Wnkerh) x {0}

and so
W Nkerh # (.

This proves that ker h is Gx-dense in G. Moreover consider the canonical projection
p2 : G x H — H. Then ps(I'y,) = h(G) is Gx-dense in H by Fact 2.6(b). Since
w(H) < k, it follows that h(G) = H, that is h is surjective. O

From the hypothesis of this lemma that h(G) is Gx-dense in H and H is not trivial,
it follows that ker h is proper in G.

The following theorem gives a necessary condition for a k-pseudocompact group to
be either s.- or ry-extremal. We call it “dense graph theorem” because of the nature of
this necessary condition. Moreover it is the generalization to x-pseudocompact groups
of [16, Theorem 4.1].

Theorem 6.12. Let k be an infinite cardinal and let (G,7) be a non-metrizable k-
pseudocompact group such that there exists a homomorphism h : G — H where H is a
k-pseudocompact abelian group with |H| > 1 and Ty, is G-dense in (G,7) x H. Then:
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(a) there exists a k-pseudocompact group topology T > 7 on G such that w(G, ') =
w(G,T);

(b) there exists a proper Gy-dense subgroup D of (G, 1) such that w(D) = w(G,T).

Proof. We first prove that H can be chosen compact metrizable and that in such a case
h is surjective. There exists a continuous character x : H — T such that x(H) # {0}.
Let H = x(H) C T and h/ = yoh. Then H' is compact and metrizable. So H' is either
T or Z(n) < T for some integer n > 1. Since

idg x x: (G,7) x H— (G,7) x H'

is a continuous surjective homomorphism such that (idg x x)(I'n) = 'y and I'y, is G-
dense in (G, 7) x H, it follows that 'y is Gx-dense in (G,7) x H' by Fact 2.6(b). Let
p2: G x H — H' be the canonical projection. Then pa(T'y/) = B/(G) is G4-dense in H’
by Fact 2.6(b). Since H' is metrizable, h'(G) = H' and A’ is surjective.

(a) Since G is Gg-dense in (G,7) by Theorem 2.12 and since I'j, is Gx-dense in

(G, 1) x H, it follows that I'j, is Gx-dense in (G,7) x H. Consequently I';, with the
topology inherited from (G,7) x H is k-pseudocompact in view of Corollary 2.14. As
in Remark 2.24 let 7, be the coarsest group topology on G such that 7, > 7 and h
is 7,-continuous; then (G, 73) is homeomorphic to I', and so it is k-pseudocompact. If
Tn, = T, then h is continuous and Theorem 1.20 yields that I'j, is closed in (G,7) x H.
This is not possible because I'y, is dense in (G, 7) x H by hypothesis. Hence 7, > 7. By
hypothesis w(G, 7) > w and since H is metrizable, then

w(G, ) =w(ly) =w(G,7) x H) =w(G,7) - w(H) =w(G,T).

(b) Let D = ker h. By Lemma 6.11 D is G,-dense in (G, 7). Moreover D is proper
in G. Clearly w(D) = w(G, ). O

The next theorem shows that x-extremality “puts together” sx- and r-extremality.
It is the generalization to k-pseudocompact abelian groups of [29, Theorem 3.12].

Theorem 6.13. Let xk be an infinite cardinal and let G be a k-pseudocompact abelian
group which is either s,- or ry-extremal. Then G is k-extremal.

Proof. Suppose looking for a contradiction that G is not k-extremal. Then there exists
a dense k-pseudocompact subgroup D of G such that either G/D is not divisible or
ro(G/D) > 2. In both cases D has to be a proper dense k-pseudocompact subgroup
of G. Then G is not sc-extremal. We prove that G is not rg-extremal as well. The
subgroup D is Gg-dense in G by Corollary 2.14. Let w : G — G/D be the canonical
projection.

We build a surjective homomorphism h : G/D — H, where H is compact |H| > 1
and ker h is G-dense in (G. By assumption D is a G-dense subgroup of G such that
either G/D is not divisible or ro(G/D) > 2%. In the first case G/D admits a non-trivial
finite quotient H, while in the second case we can find a surjective homomorphism
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G/D — T = H, in view of Fact 1.16, as |T| < ro(G/D). Since ker h contains D in both
cases, ker h is G,-dense in G. Apply Theorem 6.12 and Corollary 2.14 to conclude that
G is not r.-extremal. ]

The following proposition and lemma are the generalizations to the x-pseudocompact
case of [16, Theorems 5.8 and 5.9] respectively. The ideas used in the proofs are similar.
The next claim is needed in the proofs of both.

Claim 6.14. Let p € P, let G be an abelian group of exponent p and h : G — Z(p) < T
a continuous surjective homomorphism. Then Ty, has index p in G x Z(p).

Proof. Cousider £ : GXZ(p) — Z(p), defined by (g,y) = h(g)—y for all (g,y) € GXZ(p).
Then ¢ is surjective and keré = I'j,. Therefore G x Z(p)/ker( = G x Z(p)/T'y, is
algebraically isomorphic to Z(p) and so they have the same cardinality p. ]

The following proposition shows that for x-pseudocompact abelian groups of prime
exponent s.-extremality is equivalent to r.-extremality.

Proposition 6.15. Let k be an infinite cardinal and let (G, T) be a k-pseudocompact
abelian group of exponent p € P. Then the following conditions are equivalent:

(a) there exist a k-pseudocompact abelian group H with |H| > 1 and a homomorphism
h:G — H such that I'j, is G,-dense in (G, 7) x H;

(b) (G, ) is not s,-extremal;
(c) (G,T) is not ry-extremal.

Proof. (a)=-(b) and (a)=(c) follow from Theorem 6.12.

(b)=(c) Suppose that (G,7) is not sg-extremal. Then there exists a dense k-
pseudocompact subgroup D of (G, 7). We can suppose without loss of generality that
D is maximal and so that |G/D| = p. Let 7/ be the coarsest group topology such that

' DrU{r+D:xeG}.

Since D ¢ 7 but D € 7/, so 7 > 7. Since (D,7" |p) = (D,7 [p) and D is a «-
pseudocompact subgroup of (G, 1), it follows that D is a k-pseudocompact subgroup of
(G,7"). Hence (G, 7") is k-pseudocompact by Lemma 2.15.

(c)=(a) Suppose that G is not r,-extremal. Then there exists a k-pseudocompact
group topology 7/ on G such that 7 > 7. Since both topologies are precompact, there
exists an homomorphism h : G — T such that h is 7/-continuous but not 7-continuous.
Note that h(G) # {0}. Being G of exponent p, so h(G) = Z(p) < T. Let

H = Z(p).

Since h is not 7-continuous, by Theorem 1.20 I';, is not closed in (G, 7) X Z(p). Moreover
|(G,7) x Z(p)/T's| = p by Claim 6.14. Since I'y, is a subgroup of index p in (G, T) x Z(p)
and it is not closed, then I'y, is dense in (G, T) X Z(p).
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Endow G with the topology 73, that is the coarsest group topology on G such that
T, > 7 and h is 7-continuous (see Remark 2.24). Then (G, 73,) is k-pseudocompact,
because h is 7/-continuous and so 7, < 7' and 7’ is k-pseudocompact. By Remark
2.24 T}, is homeomorphic to (G, 7,) and so I'y, is k-pseudocompact. Since I'j, is dense
and k-pseudocompact in (G,7) x Z(p), Corollary 2.14 yields that T'j, is Gk-dense in
(G,7) x Z(p) = (G,7) x H. O

Lemma 6.16. Let x be an infinite cardinal. Let (G,T) be a k-pseudocompact abelian
group of exponent p € P such that (G,T) is either sy- or ry-extremal. Then every

h € Hom(G, T) is P,T-continuous (i.e., Hom(G,T) C (@7))

Proof. If h = 0, then h is P,7-continuous. Suppose that A Z 0. Then h(G) = Z(p) <
T. Since G is either sy~ or rg-extremal, by Proposition 6.15 I'j, is not G.-dense in
(G,7) X Z(p), that is Ty, is not dense in

P((G,7) X Z(p)) = Pu(G,7) x PZL(p) = (G, Pet) X Z(p).

Claim 6.14 implies that |G x Z(p)/I's| = p. Since I'j, is not dense and is of prime index
in (G, P,7) x Z(p), it follows that I'j, is closed in (G, P;7) X Z(p). By Theorem 1.20 h
is P.T-continuous. L]

6.4 Torsion abelian groups and extremality

The following definition and two lemmas are the generalization to the k-pseudocompact
case of [16, Notation 5.10, Theorem 5.11 and Lemma 5.13]. The constructions are almost
the same.

Definition 6.17. Let s be an infinite cardinal, let X be a topological space andY C X.
The k-closure of Y in X is

k-clx(Y) = U {7)( ACY, |Al < /@} .

For Y C X the set r-clx(Y) is k-closed in X, i.e., k-clx(k-clx(Y)) = r-clx(Y).

Lemma 6.18. Let k be an infinite cardinal. Let G be a k-pseudocompact abelian group
and let h € Hom(G, T). Then the following conditions are equivalent:

~

(a’) h e K_ClHom(G,']T)G;

(b) there exists N € Ax(G) such that N C ker h.

~

Proof. (a)=>(b) Suppose that h € r-clgom@emG. Let A C G such that |A| < k and

he 2D We set N = ({ker f : f € A}. Then N € A,(G). Moreover N C kerh

as h € ZHom(G’T).
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(b)=(a) Let N € A,(G) and let 7 : G — G/N be the canonical projection. The
group G/N is compact of weight < xk and so

IG/N| = w(G/N) < k
by Fact 1.40(c). We enumerate the elements of C?/]\V as CT/]\V = {x» : A < K} and define
A={pom: A<k} <G.
We prove that h € ZHom(G’T). Suppose that h ¢ ZHom(G’T). Since A is a closed subgroup
of the compact group Hom(G, T), there exists £ € Hom(G, T) such that {(h) # 0 and
£(f) = Oforevery f € A. By Pontryagin duality there exists € G such that f(z) = £(f)

for every f € G. Then
xa(m(z)) = &(xaom) =0

for every x\ € CT/]\V Then w(x) =x+ N = N and so x € N C kerh, i.e., h(z) = 0. But
h(z) = £(h) # 0, a contradiction. O

Lemma 6.19. Let k be an infinite cardinal. Let (G,T) be a k-pseudocompact abelian
group of exponent p € P such that G is either s.- or ry-extremal and |G| = A > k. Then
for the completion K of (G,T):

(a) for every h € Hom(G,T) there exists h' € Hom(K,T) such that ' [¢= h and h' is
P, K -continuous;

(b) HOI’H(G,T) - K'ClHom(G,T)@y'

(c) Y(G,T) < k-log .

Proof. (a) By Theorem 2.12 G is dense in P,K. By Lemma 6.16 every h € Hom(G, T)
is P;7-continuous. Therefore h can be extended to h' € Hom(K,T), such that A’ is
P, K-continuous, because (G, P,;7) is dense in P, K.

(b) Since h € Hom(G,T), by (a) there exists b’ € Hom(K, T) such that b’ [g= h
and h' is P, K-continuous. By Lemma 6.18 h' € k-Clyom(x,m) K - Therefore

o —

h € ’i‘CIHom(G,T) (Ga T)'

Hom(K,T)

Indeed, let A’ C K be such that |A'| < kand b € A’ . For f' € A’ we set

—

f=r1lce(G,7) and A= {f"1g: f' € A'}.

There exists a net {f]}, in A’ such that f{ — A’ in Hom(K, T); since the topology on
Hom(K,T) is the point-wise convergence topology, this means that f{(z) — h'(z) for
every x € K. Then fy(z) — h(z) for every x € G. Hence f) — h in Hom(G, T) and so

h e AmET - H‘ClHom(G,T)@'
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(c) By Fact 1.40(a,c) d(Hom(G, T)) = logw(Hom(G, T)) < log A\. Then there exists
a dense subset S of Hom(G, T) such that |S| <logA. By (b) for every h € S there exists

A(h) C (G, 7) such that [A(h)| < & and b € AR "D Then A = U{A(R) : h € S}

—Hom(G,T)

is dense in Hom(G, T), because S C A . Moreover

o —

AC (G, 7) and |A] <k -logA.

Let z € G\ {0} and let {V,, : n € N} be a local base at 0 of T. Since A is dense in
Hom(G, T), it separates the points of G and so there exists f € A such that f(z) # 0.
Then there exists n € N such that f(z) ¢ V,,. Therefore (), oy rea f~Y(Vn) = {0} and
hence

(G, 1) < |A| < K- log A,

that concludes the proof. ]

Now we prove Theorem 6.2 in the torsion case. For k = w it implies [16, Corollary
7.5] and the proof is inspired by this result. Since every torsion k-pseudocompact group
is cx-extremal, we observe that a torsion x-pseudocompact abelian group is k-extremal
if and only if it is d-extremal.

Theorem 6.20. Let k be an infinite cardinal and let G be a k-pseudocompact torsion
abelian group. Then G is k-extremal if and only if w(G) < k.

Proof. If w(G) < k, then G is k-extremal by Proposition 6.6 and Theorem 6.13.
Suppose that w(G) > k. We prove that there exists p € P such that w(G/pG) > k.
Since G is torsion, then it is bounded torsion by Fact 1.36. Therefore K = G is bounded
torsion and K =4, [[cp tp(K), where t,(K) # {0} for finitely many p € P (see Remark
1.44(b)). Since
w(K) = I;lgﬁ(w(tp(K)) and w(K) =w(G) > kK,
there exists p € P such that

w(ty(K)) > k.

Moreover for this p we have w(t,(K)) = w(K(,)), where K,y = t,(K)/pty(K), by
Lemma 3.40(b). Consider the composition ¢, of the canonical projections K — t,(K)
and t,(K) — K. Since G is dense in K, it follows that ¢, (G) is dense in K, by Fact
2.6(a) and so

w(iy(Q)) = w(K () > k.

Moreover there exists a continuous isomorphism G/ (ker ¢, NG) — ¢,(G). Since ker ¢, =
pK and pK NG = pG, there exists a continuous isomorphism G/pG — ¢,(G). Hence

w (G/0G) = wl(p(G)) > k.

Let G1 = G/pG. We prove that G is not s.-extremal. Suppose for a contradiction
that G; is sk-extremal. By Lemma 6.16 every h € Hom(G1,T) is P;7-continuous, and
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so P.G1 = P,.;Gsiéé by Lemma 2.26. By Theorem 2.28 PG is Baire, hence |G1| < 2 by
Theorem 2.27. By Lemma 6.19(c)

Y(G1) < k-log2" =k

and so Lemma 2.16 implies

w(G1) = P(G1) < k;

this contradicts our assumption.

Then there exists a proper dense k-pseudocompact subgroup D of G;. By Corollary
2.14 D is Gk-dense in G1. Let m : G — G be the canonical projection. By Lemma
2.23(b) 7~1(D) is a proper G-dense subgroup of G, then dense s-pseudocompact in G
by Corollary 2.14. Since G /7~1(D) is algebraically isomorphic to G1/D, it follows that
G/7n~1(D) is of exponent p and hence not divisible. Therefore G is not d,-extremal and
so not k-extremal. O

The following lemma proves one implication of Corollary 6.4 and it is the gener-
alization of Fact 3.1. This result holds for non-necessarily x-pseudocompact abelian
groups.

Lemma 6.21. Let k be an infinite cardinal and let G be a k-singular abelian group.
Then ro(G/D) = 0 for every dense k-pseudocompact subgroup D of G. In particular G
18 ¢ -extremal.

Proof. By definition there exists a positive integer m such that w(mG) < k. Let D be
a dense k-pseudocompact subgroup of G. By Corollary 2.14 D is Gx-dense in G. Since
mD is a Gg-dense subgroup of mG by Fact 2.6(b) and w(mG) < k, so mD = mG.
Therefore mG < D and hence the quotient G/D is bounded torsion. In particular
ro(G/D) = 0. O

Proof of Theorem 6.3. (a)=(c) Suppose that there exists a continuous surjective ho-
momorphism ¢ of K onto a w-divisible power S* with A > k. Then ¢ is also open by
Theorem 1.28. Note that S* =iop (S")}. Let T = S*. Then D = £, T is a G-dense
subgroup of T?, so dense k-pseudocompact by Corollary 2.14, and D trivially intersects
AT?, which is topologically isomorphic to T' = S*. Consequently

ro(T*/D) > 2~.
Therefore T? is not ¢,-extremal and K is not c,-extremal as well by Proposition 6.5.
(b)=(a) is Lemma 6.21 and (b)<(c) is Corollary 4.18. O
6.5 Proof of the main theorem

Proposition 6.22. Let k be an infinite cardinal. If G is a non-k-singular k-pseudo-
compact abelian group, then N is non-k-singular and ro(N) = ro(G) > 2% for every
N € Ay(G).
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Proof. First we prove that 7o(G) > 2%. Since G is non-s-singular, then K = G is non-
k-singular as well by Lemma 3.34. By Theorem 6.3 there exists a continuous surjective
homomorphism ¢ : K — S, where S is a metrizable compact non-torsion abelian group
and |I| > k. Let J be a subset of I of cardinality x and consider the composition ¢ of
¢ with the canonical projection ST — S”7. The group S’ has weight s and free rank 2.
Since G is G.-dense in K by Theorem 2.12, it follows that ¢(G) is G.-dense in S7 by
Fact 2.6(b). Since w(S”) < &, ¢(G) = S” is compact. Hence ro(G) > 2~.

Let N € Ay(G). Then N is k-pseudocompact by Corollary 2.21(b). Since G is
non-x-singular, so N is non-s-singular by Lemma 3.37(a).

By the first part of the proof, ro(IN) > 2. By Theorem 2.20 w(G/N) < k and so
G/N is compact with |G/N| < 2%. Since ro(G) = ro(G/N) + r9(N) by Lemma 1.7, we
conclude that ro(G) = ro(N). O

The next lemma shows that for x-pseudocompact abelian groups c,-extremality is
hereditary for k-pseudocompact subgroups that are sufficiently large. This is the gener-
alization to k-pseudocompact abelian groups of [29, Theorem 4.11].

Lemma 6.23. Let k be an infinite cardinal and let G be a c-extremal k-pseudocompact
abelian group. Then every k-pseudocompact subgroup of G of index < 2% is cq-extremal.
In particular, every N € A(G) is c,-extremal.

Proof. Aiming for a contradiction, assume that there exists a x-pseudocompact subgroup
N of G with |G/N| < 2% such that N is not c,-extremal. Then there exists a dense
k-pseudocompact subgroup D of N with ro(N/D) > 2%. Therefore |G/N| < ro(N/D).
By [29, Corollary 4.9] there exists a subgroup L of G/D such that L + N/D = G/D
and ro((G/D)/L) > ro(N/D). Let m : G — G/D be the canonical projection and D; =
7~ Y(L). Then N + D; = G. Since D is G,-dense in N by Corollary 2.14, so ﬁlP”G D
N + D1 = G and so D is Gk-dense in G; equivalently D; is dense x-pseudocompact
in G by Corollary 2.14. Since G/D; is algebraically isomorphic to (G/D)/L, it follows
that
T‘o(G/Dl) = T‘o((G/D)/L) > TO(N/D) > 2",

We have produced a G-dense (so dense k-pseudocompact by Corollary 2.14) subgroup
D, of G with ro(G/D;) > 2*, a contradiction.

If N € Ax(GQ) then w(G/N) < k by Theorem 2.20 and so G/N is compact. Hence
|G/N| <2%. So N is ¢x-extremal by the previous part of the proof. O

Lemma 6.24. [22, Lemma 3.2] Let x be an infinite cardinal and suppose that A is a
family of subsets of 2 such that:

(1) for B C A with |B| < k, (\geg B € A and
(2) each element of A has cardinality 2.
Then there exists a countable infinite family B of subsets of 2% such that:

(a) B1 N By =10 for every By, Bz € B and
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(b) if Ae A and B € B, then |AN B| = 2"~.
Now we can prove our main results.

Proof of Corollary 6.4. If GG is k-singular then G is cx-extremal by Lemma 6.21.
Suppose that G is ci-extremal and assume for a contradiction that G not k-singular.
By Theorem 6.10 7o(G) < 2% and by Proposition 6.22 ro(G) > 2%. Hence ro(G) = 2".
Let D(G1) = Q). with |S| = 2%, be the divisible hull of the torsion free quotient
G1 = G/t(G). Let m : G — D(G1) be the composition of the canonical projection
G — G and the inclusion map G; — D(G).
For a subset A of S let

G(A) = 772 (@<A>) and A={ACS:G(A) DN e A(Q)}.

Then A has the property that for B C A such that |B| < s, (\gep B € A; and |A] = 27
for all A € A, as ro(NN) = 2" for every N € A,(G) by Proposition 6.22 and ro(G) = 2"~.
By Lemma 6.24 there exists a partition { P, },cn of S such that |[AN P,| = 2% for every
A € A and for every n € N. Define

Vi=G(PyU...UP,)

for every n € N and note that G = |J,,cy Vi By Lemma 6.7 there exist m € N and
N € A,(G) such that D = V,,, N N is Gx-dense in N, so dense k-pseudocompact in
N by Corollary 2.14. By Lemma 6.23 to get a contradiction it suffices to show that
ro(N/D) = 2.

Let F' be a torsion free subgroup of N such that N D = {0} and maximal with
this property. Suppose for a contradiction that |F| = ro(N/D) < 2%. So n(F) € Q51
for some S; C S with [S1| < 2" and W = PyU...U P, US; has [W N Py < 2-.
Consequently W ¢ A and so N Z G(W). Take x € N\ G(W). Since G/G(W) is torsion
free,

(r) NG(W) = {0}
and x has infinite order. But D + F' C G(W) and so (x) N (D + F) = {0}, that is

(F + (x))n D = {0}.
This contradicts the maximality of F. O

Proof of Theorem 6.2. (a)=(c) If G is k-extremal, in particular it is ¢,-extremal and
so k-singular by Corollary 6.4.

Suppose that w(G) > k. Since G is k-singular, by Lemma 3.34 there exists m € N
such that w(mG@G) < k; in particular mG is compact and so closed in G. Since w(mG) < K
and w(G) = w(G/mG) - w(mG), it follows that w(G/mG) = w(G) > k. Then G/mG is
not k-extremal by Theorem 6.20 and so G is not x-extremal by Proposition 6.5.

(c)=(Db) is Proposition 6.6 and (b)=-(a) is Theorem 6.13. O
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The following example shows that d,- and cg-extremality cannot be equivalent con-
ditions in Theorem 6.2. Item (a) shows that k-singular k-pseudocompact abelian groups
need not be di-extremal and also that there exists a cq-extremal (non-compact) k-
pseudocompact abelian group of weight > «, which is not d,-extremal. It is the analogous
of [29, Example 4.4]. In item (b) we give an example of a non-c,-extremal d,-extremal
k-pseudocompact abelian group of weight > k.

Example 6.25. Let  be an infinite cardinal.

(a)

Let p € P and let G = Z(p)*". Then H = %.Z(p)*" is x-pseudocompact by
Corollary 2.14, because it is Gx-dense in Z(p)?". The group G = T* x H is a
k-singular k-pseudocompact abelian group with 7o(G) = 2% and w(G) = 2 > k.
In particular G is cx-extremal by Lemma 6.21. Thus G is not dy-extremal by
Theorem 6.2.

Let G = T?". Then G is a k-pseudocompact divisible abelian group G of weight
> k. S0 (G is d-extremal of weight > k. We can prove that G is not ¢,-extremal as
in the proof of Theorem 6.3: G = (T*)?" = T?" and %, T%" is a G.-dense (so dense
k-pseudocompact by Corollary 2.14) subgroup of T2 such that ro(72" /XT2") >
2%, That G is not c,-extremal follows also from Theorem 6.10, because G has free
rank > 2%,



Chapter 7

Dense compact-like subgroups

7.1 Totally dense k-pseudocompact subgroups

In this section we generalize Theorem B of the introduction for every infinite cardinal &,
proving Theorem B”*. Indeed we characterize compact abelian groups admitting some
proper totally dense k-pseudocompact subgroup, solving the following problem.

Problem 7.1. For an infinite cardinal k, determine when a compact abelian group
admits some proper totally dense k-pseudocompact subgroup.

In order to generalize Theorem B proving Theorem B, from previous chapters we
already have k-pseudocompactness, k-singularity and the projections onto non-x-singular
w-divisible products for every infinite cardinal x. So we need to generalize also the
property T'D,,. To this aim we introduce appropriate notions generalizing w-bounded-
ness and the property T'D,, for every infinite cardinal .

7.1.1 ~k-Boundedness
Definition 7.2. Let k be an infinite cardinal. A Tychonov topological space X 1is:

e weakly k-bounded if every subset of X of cardinality < k is contained in a compact
subset of X;

e x-bounded if every subset of X of cardinality at most k is contained in a compact
subset of X.

Obviously every topological group is weakly w-bounded. Moreover these two notions
are related as follows: weakly x-bounded coincides with the conjunction of A-bounded
for all A < k; in particular, k-bounded coincides with weakly x*-bounded).

Examples of non-compact weakly x-bounded groups of weight x are given in Example
7.5.

Lemma 7.3. For an infinite cardinal s, every k-bounded Tychonov space X is k-
pseudocompact.

87
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Proof. Let f : X — R" be a continuous function and let ¥ = f(X). In particular
w(Y) < k. There exists a dense subset D of Y such that |D| < k. There exists a subset
D, of X such that f [p,: D1 — D is bijective. Then |D;| < k. Since X is k-bounded,
D7 is compact. Therefore f(D1) is compact. But f(D1) 2 D, D is dense in Y, and so
f(D1) =Y is compact. 0

Lemma 7.4. Let G and G1 be topological abelian groups such that there exists an open
continuous surjective homomorphism f : G — G1, and let H be a subgroup of Gy. If H
is K-bounded, then f~1(H) is k-bounded.

Proof. Let X be a subset of f~'(H) of cardinality < x. Then f(X) is a subset of H
of cardinality < x and it is contained in a compact subset Y of H. Then X C f~1(Y),
which is compact. O

We give examples of non-compact weakly w(G)-bounded groups G and of non-
compact A\-bounded groups G for A < w(G).

Example 7.5. Let x be an uncountable cardinal and let K = [[..; K; be a w-divisible

product with |I| = k.
(a) Let A < k. We show that

el

YhK ={z € K : [supp(z)| < A}

is A-bounded (non-compact). Take A C Y K with |A] < A. If a € A, then a €
[Licr, Ki, where Ly C I and [Lq| < A. Define L = (J,c 4 La- Thus A C [[;; K; and
|L| = |A| - supge 4 |La| < X. Moreover [[.; K; is contained in ¥y K. Furthermore ¥\ K
is proper and dense in K, so it is non-compact and of the same weight of K.

(b) Suppose that k is regular and consider the following proper subgroup of K:

S = U K

A<K

in other words S = {# € K : |supp(z)| < k}. Clearly S is dense in K, hence S
is not compact and w(S) = w(K) = k. Let us see that S is weakly x-bounded (so
A-bounded for every cardinal A < k). Take A C S with |A| < k. If a € A, then
a € [liep, Ki, where L, C I and [Lo| < k. Define L = (J,c s Lo Thus A C [[;c; K;
and |L| = |A] - sup,ea | La| < K, as k is regular. Moreover [[,.; K; is contained in S.

Lemma 7.6. Let k be an infinite cardinal. A weakly k-bounded group G with w(G) < K
is necessarily compact, so every w(G)-bounded group G is compact.

Proof. Let X be a dense subset of G of size < w(G). As w(G) < k and G is weakly
k-bounded, X is contained in a compact subset C' of G. The density of X in G yields
the density of C' in G. Hence C = (G. This proves that G is compact. O
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7.1.2 The property 7D,

In analogy with the property T'D,,, for every infinite cardinal x a compact abelian group
K:

e has the property T D,; (briefly, K € TD,,) if K has a proper totally dense subgroup
that contains a dense k-bounded subgroup;

e has the property T D" (briefly, K € TD") if K has a proper totally dense subgroup
that contains a dense weakly k-bounded subgroup.

The properties T'D,, and T'D"* have properties analogous to those of T'D,,. Obviously
TD, coincides with TD“+, in particular T'D, implies T'D" and T D“' coincides with
TD,,. Nevertheless, for a limit cardinal k the property T'D" needs not coincide with the
conjunction of all 7Dy for A < k (see the comments after Theorem 7.15).

The property T'D, seems to be stronger than to admit a proper totally dense k-
pseudocompact subgroup, but in Theorem 7.15 we show that these properties are equiv-
alent for compact abelian groups.

The following lemma shows that for each infinite cardinal x the properties 7D, and
T D" are stable under taking inverse images. It generalizes [25, Lemma 3.12] and [26,
Lemma 2.6], the proof remains almost the same. It easily follows from Lemmas 1.49 and
7.4.

Lemma 7.7. Let f : K — L be a continuous surjective homomorphism of compact
abelian groups. Let k be an infinite cardinal. If L has the property T D, (respectively,
TD"), then K has the property T D,; (respectively, T D" ) too.

Remark 7.8. Let x be an infinite cardinal and let K be a compact abelian group.
Moreover let H = mg(K)K. Then K € TD, (respectively, K € TD") if and only if
H € TD,, (respectively, H € T D") — see Lemma 3.23.

In the next example we explicitly construct a compact abelian group K which has
the property T'D,, and in particular is a w-divisible power.

Example 7.9. Let x be an uncountable cardinal, p € P and K, = Z(p)"+. Define
K = HpeJP Kp; then K =4, Sﬁ;?Jr, so that we can identify these groups. The subgroup
H = X,K +t(K) is totally dense in K. Indeed {(K) = ,cp Kp is totally dense in K
because each closed subgroup NV of K is of the form N =[] p N, by Remark 1.44(b).
Moreover H contains ¥, K, which is k-bounded as proved in Example 7.5(a). Finally we
show that H is proper; let x = (2;);c,+ € K = S§' be such that z; = & = (y,)per € Sp
for every i < kT and each y, € Z(p) \ {0}. Then x € AK \ ¢(K) and hence x ¢ H,
because AK N YX,K = {0}. This proves that H is a proper totally dense subgroup of
K which contains a dense k-bounded subgroup of K, namely ¥, K, that is K has the
property T'D.

In Proposition 7.12 we produce a compact abelian group with the property 17D, for
a given infinite cardinal x. To prove it we need Lemma 7.11, which makes use of the
next one.
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Lemma 7.10. Let K be a compact abelian group, C a torsion free subgroup of K and
B a subgroup of K mazximal with the property BNC = {0}. Then BNmN =m(BNN)
for every m € Z \ {0} and for every subgroup N of K. In particular, if p € P, then
B NN ¢ pN for every subgroup N of K topologically isomorphic to Z,, whenever
’I"()(C) <c.

Proof. Let p € P and let N be a subgroup of K such that N =,, Z,. If m € Z\ {0} and
x € BNmN, then z = mz, with z € N. Assume that z ¢ B. It follows that By = B+(z)
contains properly B. So there exists y € BN C, y # 0, that is y = b+ kz € C, where
be Band k € Z. Then my = mb+ kmz € BN C = {0} and hence my = 0. As C is
torsion free, we conclude that y = 0, finding a contradiction.

Suppose that r5(C) < ¢ and assume for a contradiction that NV is a closed subgroup
of K isomorphic to Z, with BN N C pN. Then BN N = BN pN. Applying the first
part we have also BNpN = p(BNN) = p(BNpN). By induction BNpN = p"(BNpN)
for every n € N. Hence

oo
BNpN = () p"(BNpN),
n=0
but 2, p"(BNN) C N2, p"N = {0}. So BNN ={0}. If n: K — K/B is the
canonical projection, this yields that 7 [y is injective and consequently ro(K/B) >
’I“o(N) = C.
To get a contradiction we prove that

ro(K/B) <19(C) < .

Suppose that ro(K/B) > r9(C). Then w(C) is a torsion free subgroup of K/B such
that ro((K/B)/m(C)) > 1. So there exists an infinite cyclic subgroup C; of K/B such
that C; N 7(C) = {0}. Since 7~ 1(C1)NC = BNC = {0} and 77 1(Cy) 2 kert = B,
contradicting the maximality of B. O

Thanks to this lemma we prove the following, that produces a totally dense subgroup
containing a given subgroup. It was announced without a proof in [25, Lemma 3.16].

Lemma 7.11. Let K be a compact abelian group that admits a subgroup B such that
ro(K/B) > 1. Then K has a proper totally dense subgroup H that contains B.

Proof. Since ro(K/B) > 1, there exists a cyclic infinite subgroup C' of K such that
BnNnC ={0}. Let By = B+ t(K); then B N C = {0}. By Zorn’s lemma there exists a
subgroup H of K such that H O By, HNC = {0} and H is maximal with respect to these
two properties. It immediately follows that H © B and that H is a proper subgroup of
K. Moreover t(K) C H and by Lemma 7.10 H N N € pN for every subgroup N of K
isomorphic to Z, and for every p € P. Apply Theorem 1.51 to conclude that H is totally
dense in K. O

Then next proposition generalizes [26, Proposition 2.4].

Proposition 7.12. Let x be an uncountable cardinal and K = [[,c; K; a w-divisible
product with |I| = k. Then K has the property T Dy for every w < A < k.
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Proof. Let A\ be an infinite cardinal < x. As shown in Example 7.5(a) B = X, K is
a A-bounded subgroup of K. For every ¢ € I let ¢; be a non-torsion element of K.
Defining C' = ((¢;)ier) we have BN C = {0} and so ro(K/B) > 1. Apply Lemma 7.11
to conclude the proof. O

7.1.3 Main theorems

The regularity of s is essential in Example 7.5(b). Indeed we have the following theo-
rem characterizing the regularity of uncountable cardinals x in terms of the topological
property T D".

Theorem 7.13. Let k be an uncountable cardinal. Then the following conditions are
equivalent:

(a) K is reqular;

(b) every w-divisible product of the form [[..; K; with |I| = k has the property T D";

iel
(c) there exists a compact abelian group K of weight r such that K € TD";

(d) there exists a compact abelian group of weight k with a proper dense weakly k-
bounded subgroup.

Proof. (a)=(b) Let K = [[,.; K; be a w-divisible product with |I| = x. As shown in
Example 7.5(b) B = (J,.,, 22K is a weakly s-bounded subgroup of K. For every i € I
let ¢; be a non-torsion element of K;. Defining C = ((¢;)icr) we have BN C = {0} and
so ro(K/B) > 1. Apply Lemma 7.11 to conclude that K € T'D".

(b)=(c) and (c)=(d) are obvious.

(d)=-(a) Let H be a proper dense weakly x-bounded subgroup of a compact abelian
group K. Fix a point z € K \ H and assume for a contradiction that A\ = cf(k) < &, i.e.,

K = SUp Kq, With ko < k for all a < .
a<<

We can assume without loss of generality that K is a subgroup of T*. Write T" =
[Ioc) T, where T, =4, T for each a < A. For a < A, let N, = Hﬁ<aTB and let
Pa : T" — N, be the canonical projection. By Fact 2.6(a) po(H) is dense in p,(K).
Since w(Ny) = ko < K, pa(H) is also compact (so closed) in po(K). So pa(H) = pa(K).
Then there exists h, € H such that

Pa(ha) = palz). (7.1)

The set A = {hqo : @« < A} C H has size < A < k. Hence the weak r-boundedness of H
implies that C = a7 s compact. Then C is closed in K. On the other hand, for every

neighborhood U of 0 in T* there exists a projection p, such that kerp, C U. Now (7.1)
yields ho —x € U, so AN(x+U) # (. This proves that x € C C H, a contradiction. [
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The next example shows a w-divisible group K of non-regular weight having no
proper dense weakly w(K)-bounded subgroup at all (so in particular K ¢ TD%(K)),
Moreover K admits no continuous surjective homomorphism onto a w-divisible power

Swa(K)

Example 7.14. Let P = {p,, : n € N4} be all primes written in increasing order. Then
the group K = [[32, Z(pn)™" is w-divisible of weight X,,. Nevertheless, there exists
no continuous surjective homomorphism of K onto a w-divisible power SX¢. Indeed
if such a projection K — S% exists, by Remark 1.44(c) for n € N, the restriction
K,, = Z(pn)N" — Sg: is a continuous surjective homomorphism; this is not possible.
From Theorem 7.13 it follows that K ¢ TDY~.

The subgroup |y .y XAK of K (defined in Example 7.5(b)) is not even w-bounded.
In fact it is not even countably compact, as it contains a sequence (x,)nen, that con-
verges to a point of K \ [J,., XK, although it is pseudocompact. In what follows
we construct such a sequence. For every n € Ny let e, € Z(p,)* be the element
en = (eni)i<x, With e,; = lzn) for every i < N,. Then for every n € Ny let
Tn = (e1,...,ep,0,...) € Xy, K. The sequence (z,)nen, converges to the element
e = (en)nen, which has [supp(e)| =R, and so e & | J, »_ ZrK.

The following theorem is Theorem B” of the introduction and it is a complete gen-
eralization of Theorem B (indeed, to get Theorem B it suffices to take A = w). Theorem
4.11 and Corollary 4.18 apply to prove it.

Theorem 7.15. Let k be an infinite cardinal and let K be a compact abelian group. The
following conditions are equivalent:

(a) K has a proper totally dense k-pseudocompact subgroup;
(b) K is non-k-singular;

. . . . . + .
(c) there exists a continuous surjective homomorphism of K onto S®", where S is a
compact non-torsion abelian group;

(d) K has the property TD.
Moreover, K € TDY5) if and only if wy(K) is an uncountable reqular cardinal.

Proof. All conditions (a)—(e) imply that K has to be non-singular.

(a)=-(b) Suppose that K is x-singular. By Lemma 3.35 there exists a torsion N €
A, (K) and Theorem 2.20 implies that w(K/N) < k. Let H be a proper totally dense
k-pseudocompact subgroup of K. Since N is torsion and H is totally dense, N < H by
Lemma 1.47(b). By Corollary 2.14 H is Gy-dense in K and so K = N + H by Lemma
2.22(a). Therefore N < H yields K = H, a contradiction.

(b)<(c) is Corollary 4.18.

(c)=-(d) Assume there exists a continuous surjective homomorphism of K onto S wt
where S'is a compact non-torsion abelian group. By Remark 4.4 it is possible to suppose
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that S is metrizable. By Proposition 7.12 S*" has the property T'D,;, hence also K has
the property T'D,, thanks to Lemma 7.7.

(d)=(a) follows from Lemma 7.3.

Let k = wy(K) > w. Assume that it is regular. By Theorem 4.11 there exists a
continuous surjective homomorphism of K onto a w-divisible product C' of weight x. By
Theorem 7.13, C' has the property T'D", hence also K has the property T'D" thanks
to Lemma 7.7. To end the proof assume K € T D®. By Lemma 3.23 the subgroup
H =my(K)K of K is such that w(H) = wq(H) = k; in particular H is w-divisible and
H € TD" by Remark 7.8. Apply again Theorem 7.13 to conclude that x is regular. [

All conditions (a)—(e) imply that k < w(K). In case K > w(K) they are all false.
The equivalence of (b) and (d) in Theorem 7.15 implies

wq(K) = sup{x : K € TD"},

but leaves open the question of when K € TDWi(K) holds true. This motivates the
final part of the theorem that settles completely this issue. Consequently, for an infinite
cardinal k the property T D" coincides for compact abelian groups with the conjunction
of all TD) for A < k precisely when x is regular. Analogously, the equivalence of (c)
and (d) yields:

wq(K) = sup{k : there exists a compact non-torsion abelian group S

and a surjective continuous homomorphism K — S"}.

7.2 Essential dense r-pseudocompact subgroups

As an immediate corollary of Theorem 6.2 we obtain the following result in case the
dense k-pseudocompact subgroup is required to be also either ry- or si-extremal.

Corollary 7.16. Let k be an infinite cardinal. A proper dense k-pseudocompact subgroup
of a topological abelian group cannot be either s,- or re-extremal.

Proof. If D is a dense either s,- or rg-extremal k-pseudocompact subgroup of G, then
D is compact by Theorem 6.2. Hence D is closed in G and so D = G, since D is also
dense in G. ]

This proves that the concept of r-extremal k-pseudocompact group is “dual” to
that of minimal x-pseudocompact group, in the sense that a k-pseudocompact group is
minimal if there exists no strictly coarser k-pseudocompact group topology on G. So
Corollary 7.16 suggests the following problem:

Problem 7.17. For an infinite cardinal k, when does a k-pseudocompact abelian group
admit a proper dense minimal k-pseudocompact subgroup?

In Theorem 7.21 we completely solve Problem 7.17 in the compact case, i.e., in view
of Theorem 1.50, we solve the following;:
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Problem 7.18. For an infinite cardinal k, determine when a compact abelian group
admits some proper essential dense k-pseudocompact subgroup.

It is immediately possible to prove the following proposition, which gives a nec-
essary condition for a k-pseudocompact abelian group to have proper essential dense
k-pseudocompact subgroups.

Proposition 7.19. Let k be an infinite cardinal and let G be a k-pseudocompact abelian
group. If G is super-k-singular, then G has no proper essential dense k-pseudocompact
subgroup.

Proof. Let H be an essential dense k-pseudocompact subgroup of G. Since H is essential
in G, it follows that H O Soc(G) by Lemma 1.47(a) and so H 2 N € A.(G). By
Corollary 2.14 H is Gx-dense in G. Therefore Lemma 2.22(a) implies that H + N = G
and so H = G. O

The next example shows that there exist compact abelian groups that have proper
essential dense x-pseudocompact subgroups, although they have no proper totally dense
subgroup (because they are torsion).

Example 7.20. Let x be an infinite cardinal and let p € P. Consider the compact
p-group K = Z(pm)”+ with m € N;m > 1. Then K|[p]+ XK is a proper essential dense
rk-pseudocompact subgroup of K.

In fact K[p] is essential in K and ¥,K is G,-dense in K. Moreover K[p] + X, K is
proper in K. Indeed fix an element x € Z(p™) \ Z(p) and define x = (z;);..+ € K by
x; = x for every i < k™. Since ¥, K intersects trivially the diagonal subgroup AK of K
and = & Z(p), it follows that x € K \ (K|[p] + £ K). Since K|[p| + XK is G.-dense in
K, it is dense k-pseudocompact by Corollary 2.14.

In view of Theorem 7.15, to solve Problem 7.18 we can consider the case when K
is a k-singular compact abelian group of weight > k. The following theorem, which is
Theorem C” of the introduction, solves Problem 7.18 and gives necessary and sufficient
conditions for K to admit a proper essential dense k-pseudocompact subgroup. We give
it in negative form to have a clearer statement.

Theorem 7.21. Let k be an infinite cardinal and let K be a compact abelian group.
Then the following conditions are equivalent:

(a) K admits no proper essential dense k-pseudocompact subgroup;
(b) K is k-singular and w(pT,(K)) < K for every p € P;
(c) K is super-k-singular.

Proof. (a)=-(b) Suppose that K has no proper essential dense k-pseudocompact sub-
group. In particular K has no proper totally dense x-pseudocompact subgroup; so by
Theorem 7.15 K is k-singular. Lemma 3.39 yields that w(c(K)) < x and Lemma 3.37
implies that L = K/c(K) is k-singular. Since L is totally disconnected, L Zop [[,cp Lp
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by Remark 1.44(b), where each L, is k-singular by Lemma 3.37. If there exists p € P
such that w(pT,(K)) > k, then w(pLy) > k by Remark 1.44(d).

In particular L, is a k-singular compact Zp,-module of weight > k. Thus there exists
m € Nj such that w(p™L,) < k and w(p™ 'L,) > k. By Lemma 1.46 there exist a
compact Z,-module L; of weight < k and a compact bounded torsion abelian group
B Z4p [Ty Z(p™)* such that L, =, L, x B and ay, > k. Since w(pLy) > K, we
have m > 1 and consequently there exists a proper essential dense k-pseudocompact
subgroup of Z(p™)*m as Example 7.20 shows.

The composition of the projections

K — L, L— Ly, Lp =, L}, x B— B and B =, [[ Z(p")* — Z(p™)"
n=1

is a continuous surjective homomorphism K — Z(p™)®™. So apply Lemmas 1.22, 1.49(a)
and 2.23(c) to find a proper essential dense k-pseudocompact subgroup of K.

(b)=(c) By Lemma 1.43 there exists a totally disconnected closed subgroup N of
K such that K = N + ¢(K). Since K is k-singular, w(c(K)) < k by Lemma 3.39 and
so w(K/N) < k because K/N =, ¢(K)/(N N¢(K)) also by Theorem 1.28. Hence
N € Ax(K) by Theorem 2.20. According to Lemma 3.54 it suffices to prove that N is
super-k-singular.

Since N is totally disconnected and compact, it follows that N =, H]De]P> N, by
Remark 1.44(b). By Remark 1.44(a) N, < T,,(K) and so w(pN,) < k for every p € P.
Moreover N is k-singular. According to Lemma 3.42 P = P, ,,(N) and P\ P, (V) is
finite. This means that

Nz Mx J[ N
P\ Pon. (N)

where M = [[,cp,.  (v) Np has weight < & and [[p\ p,  (v) Np is a finite product; each
N, with p € P\ P, x(N) is a s-singular compact Z,-module of weight > . Since
w(pNp) < k for every p € P, for p € P\ P, «x(/N) Lemma 1.46 with m = 1 implies
Np Zop N, x By, where N, is a compact Z,-module of weight < x and B, = Z(p)*
with a; > k. Therefore

~op M X H N, x H B,.
PEP\ Py s (N) PEP\ P i (N)

Let B be a subgroup of N such that

Bz [ {om3dx I {omix I B

PEPm «(N) PEP\ Py, (N) PEP\ P (N)

Then Soc(N) O B as P\ P, .(N) is finite. Since w(N/B) < k, B € A;(N) by Theorem
2.20. This means that N is super-x-singular by Lemma 3.53.

(c)=(a) follows from Proposition 7.19. O
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7.3 Either totally dense or essential dense subgroups

In this section we consider and solve the counterparts of Problems 7.1 and 7.18 omit-
ting the condition k-pseudocompact for the subgroups. Indeed we characterize com-
pact abelian groups admitting some proper totally dense subgroup and compact abelian
groups admitting some proper essential dense subgroup.

As a corollary of Lemma 7.11, we obtain a very simple characterization of compact
abelian groups having proper totally dense subgroups:

Theorem 7.22. Let K be a compact abelian group. Then K admits some proper totally
dense subgroup if and only if K is non-torsion.

Proof. Assume that K is non-torsion, that is K # ¢(K) and so ro(K/t(K)) > 1. Apply
Lemma 7.11 with B = ¢(K) to find a proper totally dense subgroup of K.

If K is torsion, then K cannot have any proper totally dense subgroup, because every
totally dense subgroup contains ¢(K) = K by Lemma 1.47(b). O

The group in the following example is a (metrizable) compact abelian group that has
a proper essential dense subgroup but no proper dense pseudocompact subgroup.

Example 7.23. Let p € P and K = Z(p™)¥ with m € N. Then Klp| is a proper
essential dense subgroup of K if and only if m > 1.

The following result characterizes compact abelian groups admitting some proper
essential dense subgroup, in terms similar to those of Theorem 7.21.

Theorem 7.24. Let K be a compact abelian group. Then the following conditions are
equivalent:

(a) K has no proper essential dense subgroup;
(b) K is torsion and pT,(K) is finite for every p € P;
(c) Soc(K) is open.

Proof. (a)=-(b) Suppose that K has no proper essential dense subgroup, in particular
K has no proper totally dense subgroup. Then Theorem 7.22 implies that K is torsion.
By Fact 1.36 K is bounded torsion and so K =, K, X ... x K, for some n € Ny
and pi,...,p, € P (in particular K is totally disconnected and Remark 1.44(b) can be
applied). This means that K, = {0} for all p € P\ {p1,...,pn}

Since K has no proper essential dense subgroup, in particular K has no proper
essential dense pseudocompact subgroup and so pK,, is metrizable for every p € P by
Theorem 7.21 with k£ = w. According to Lemmas 1.22 and 1.49(a) K, cannot have any
proper essential dense subgroup for every p € P. Let us prove that pK), is finite for every
p € P. Suppose that pK), is infinite for some p € P (then p € {p1,...,pn}). Since K is
bounded torsion, K, is a compact bounded p-torsion abelian group. Consequently

Ky Zop Z(p)®* % ... x L(p®)*
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for some cardinals oy, ..., o, where s € Ny Since pK), is infinite and metrizable, there
exists m € N, with 1 < m < s such that o, = w. By Example 7.23 Z(p"")*" has a
proper essential dense subgroup. Consider the composition of the projections K — K,
and K, — Z(p™)*" and apply Lemmas 1.22 and 1.49(a) to find a proper essential dense
subgroup of K, a contradiction.

(b)=-(c¢) Since K is torsion, it follows that K is bounded torsion by Fact 1.36. In
particular it is totally disconnected, and we can apply Remark 1.44(b). We have

~
K = Ky, X ... X Kp,,

where n € Ny and p1,...,p, € P. Since K,/K,[p] =0p pK, is finite by hypothesis for
every p € PP, the subgroup Soc(K) = K, [p1]|® ... ® Kp, [pn] has finite index in K. Since
Soc(K) is closed, it is also open in K.

(c)=(a) Let H be an essential dense subgroup of K. Then H D Soc(K) by Lemma
1.47(a); since Soc(K) is open in K so is H. This implies that H is closed in K. Since
H is also dense in K, we conclude that H = K. ]

Corollary 7.25. Let K be a compact abelian group, and let H be an open essential
subgroup of K. Then K has no proper essential dense subgroup if and only if H has no
proper essential dense subgroup.

7.4 Small essential pseudocompact subgroups

In [15] Comfort and Robertson studied the compact groups that admit small strongly
totally dense pseudocompact subgroups and proved the following theorem.

Theorem 7.26. [15, Theorem 6.2] ZFC cannot decide whether there exists a compact
group K with small strongly totally dense pseudocompact subgroups.

In the proof of this theorem a totally disconnected compact abelian group admitting
some small totally dense pseudocompact subgroup is produced. Consequently, as stated
in [15, Theorem 6.3], it is possible to deduce the following result, which is the counterpart
of Theorem 7.26 in the abelian case.

Theorem 7.27. ZFC cannot decide whether there exists a totally disconnected compact
abelian group with small totally dense pseudocompact subgroups.

In this section, in Theorems 7.45 and 7.46 we prove the counterpart of this theorem
for essential dense pseudocompact and essential pseudocompact subgroups.

7.4.1 CR-cardinals

First we define the following concept, because cardinals with these properties were useful
to prove Theorem 7.26.

Definition 7.28. A cardinal k is a CR-cardinal if cf(k) = w and log 2* = k.
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By the definition every CR~cardinal is a limit cardinal. So without loss of generality
we can consider limit cardinals. A first example of CR-cardinal is w.

In the following claim we give some properties of CR-cardinals.
Claim 7.29. Let k be a cardinal.

(a) If cf(k) = w, then log2® = k if and only if 2<% < 2. In particular k is a CR-
cardinal if and only if cf(k) = w and 2<% < 2.

(b) If k is a CR-cardinal such that Kt = 2, then k is a strong limit.
(c) If k is a strong limit, then it is a CR-cardinal if and only if cf(k) = w.
(d) Under GCH, k is a CR-cardinal if and only if cf(k) = w.

Proof. (a) Suppose that log2® = k. Let {k, }nen be an increasing sequence of cardinals
< k such that sup, ey £n = £. Then 2%» < 2% for every n € N. If there exists n € N such
that 2fn = 2<% then 2<% < 2%, If 2" < 2% for every n € N, then c¢f(2<") = w, because
2<% = sup,, ey 2. Since cf(2%) > k > w by Fact 1.1, it follows that 2<% < 2.

The condition 2<% < 2% implies 2* < 2% for every A < x and this is equivalent to
log 2% = k.

(b) Let {xn }nen be an increasing sequence of cardinals <  such that sup,,cy £n = £.
Since log 2% = K, 2"» < 2% for every n € N. By hypothesis 2 = k*. Then 2% < k for
every n € N by Claim 1.2. This implies that & is a strong limit.

(c) Since & is a strong limit if and only if logx = k by Claim 1.3, it follows that
log 27 = k. So this condition of the definition of CR-cardinal is satisfied. Then x is a
CR-cardinal if and only if it has countable cofinality.

(d) Since 2% = kT by GCH, by (c) & is a CR-cardinal if and only if c¢f(x) =w. O

Remark 7.30. The problem of the existence of a small essential dense pseudocompact
subgroup of a compact abelian group could be divided into two parts: the existence of
a small essential (dense) subgroup and the existence of a small dense pseudocompact
subgroup. Indeed, having these subgroups, it suffices to take their sum to find a small
essential dense pseudocompact subgroup. We have considered the second part in Section
5.1; in particular Corollary 5.10 shows that

under GCH no compact abelian group K such that w(K) is a CR-cardinal

admits some small dense pseudocompact subgroup.

7.4.2 Measuring essential subgroups

The following cardinal invariant is introduced in analogy with ED(—) and T'D(—) (see
Definition 1.53):

Definition 7.31. For a topological group G let

E(G) = min{|H| : H < G essential}.
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We immediately give an example. The argument is due to Prodanov [59].

Example 7.32. For p € P, E(Zg) =

In fact, E(Z2) < |Z2] = ¢. Moreover there exist ¢ many subgroups of Z2 topologically
isomorphic to Z, and pairwise with trivial intersection: for every & € Z, \ {0}, let
Ne = ((1,8)) Zop Zp. If &,62 € Zy, then Ngp N Ng, = {0}. These N¢ are exactly
|Zp| = ¢ many. Since an essential subgroup non-trivially intersects each non-trivial

closed subgroup, it follows that E(Z2) > ¢ and so E(Z2) = c.
Lemma 7.33. Let G be a topological abelian group. Then:
(a) E(G) < ED(G) <TD(G);
(b) ED(G) =d(G) - E(G).

Proof. (a) is obvious.

(b) It is clear that ED(G) > d(G) - E(G). Let D be a dense subgroup of G of
cardinality d(G) and let E be an essential subgroup of G of cardinality E(G). Then
D + E has cardinality d(G) - E(G). Moreover D + E is an essential dense subgroup
of G and so |D + E| > ED(G). It follows that d(G) - E(G) > ED(G) and hence
ED(G) =d(G) - E(G). O

The next lemma in particular shows that F(—) is monotone under taking closed
subgroups.

Lemma 7.34. Let K be a compact abelian group and N a closed subgroup of K. Then:
(a) E(N) < E(K);
(b) if IN| = |K| then E(K) < |K]| yields E(N) < |N|;
(c) E(K,) < E(K) for every p € P.

Proof. (a) If H is essential in K, then H N N is essential in N.

(b) Suppose that E(N) = |N|. Since |[N| = |K| by hypothesis and E(K) > E(N) by
(a), it follows that E(K) = |K]|.

(c) follows from Corollary 1.52. O

Remark 7.35. If K is a compact abelian group with a finite essential subgroup H, then
K is finite.

Proof. We want to reduce to the totally disconnected case. Since H is finite, it follows
that there exists ¢ € [P such that r4(H) = 0. Therefore H N K, = H; = {0} and so
K, = {0} by the essentiality of H in K. By Remark 1.44(f) K is totally disconnected.
Then K =40, [[,cp Kp, where each K, is closed, by Remark 1.44(b). Since H is finite
essential, K, = {0} for every p € P\ P, where P is a finite subset of P. Let p € P. Then
K, cannot contain any topologically isomorphic copy of Z,, because it is torsion free.
Consequently K, =, [[72 Z(p™)*" for some cardinals o, with n € Ny, by Remark
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1.17. Since H N K, is a finite essential subgroup of K, by Lemma 7.34, H N K, 2
Soc(Kp) = 11,2, Z(p)* implies that oy, = 0 for all but finitely many n € N} and each
oy, is finite. Therefore K, is finite and so K is finite, because P is finite. O

Remark 7.36. Let K be a compact abelian group of weight w. If F(K) < |K| then
E(K)=TD(K)=w [60]. So

(a) either E(K) = ED(K) = TD(K) = |K],
(b) or E(K) = ED(K) = TD(K) = w(K).

Proposition 7.37. Let p € P and let M be a topological Z,-module such that M & P
and M|p] is compact. Then

E(M) = |M| = ¢ - vankg, (M) - r,(M).

Proof. First we prove that
E(M) > .

Indeed, since M ¢ P, by Corollary 1.58(a) either rankz, (M) > 2 or rp(M) is infinite. If
rankz, (M) > 2, then M has a subgroup isomorphic to Z2 and so E(M) > E(Z2) = ¢ by
Lemma 7.34(a) and Example 7.32. If r, (M) is infinite, then r,(M) > ¢, because M [p]
is compact and so |Mp]| > ¢ by Theorem 1.37. Moreover E(M) > rp(M) in view of
Lemma 1.47(a) and so E(M) > ¢. In both cases E(M) > .
Now we show that
E(M) > rankg, (M).

Let H be an essential subgroup of M. Let S be a maximal Z,-independent subset of M.

For every = € S consider (z) = ()z, Ztop Zp. Then

fz{@:xGS}

is a family of closed subgroups of M topologically isomorphic to Z, and pairwise with
trivial intersection. Since H is essential in M, H non-trivially intersects each of these
subgroups in F. Consequently |H| > |F| = |S| = rankz, (M ). This proves that E(M) >
rankz,, (M).

Moreover E(M) > rp(M) by Lemma 1.47(a). Therefore E(M) > ¢ - rankg, (M) -
rp(M). By Corollary 1.58(c) E(M) < |[M| = ¢ -rankg, (M) - r,(M) and so E(M) =
|M| = ¢ -rankg, (M) - rp(M). O

Proposition 7.37 can be proved in the general case of a compact abelian group K,
thanks to the fact that the essentiality of a subgroup can be verified “locally”, namely
in K, for every p € P by Corollary 1.52. We do this in Theorem 7.39.

Remark 7.38. Let K be a compact abelian group such that K ¢ P. By Remark 1.59
mp(K) is not empty. Moreover

sup E(Kp) = sup E(K,)- sup E(Kp).
peP peP\7p (K) pemp(K)
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By Corollary 1.58(b), if p € P\ mp(K), then |K,| < ¢ and in particular E(K,) <
|Kp| < ¢. Consequently

sup E(Kp) < sup |Kp|l <c.
pEP\7p (K) peP\7p (K)

If p € mp(K) then |Kp| = ¢ -rankz, (Kp) - rp(Kp) by Corollary 1.58(c). By Proposition
7.37 E(K,) = |K,| > ¢ for every p € P. Consequently

swp B(K,) = swp BE(K,) = sup |K,| = sup|K,| (7.2)
p€EP pemp(K) pEmp(K) peP

Theorem 7.39. Let K be a compact abelian group such that K & P. Then

E(K) = ED(K) = TD(K) = sup |K,|.

p€EP
Proof. By Lemma 7.34(c) E(K) > E(K)) for every p € P. Then E(K) > sup,ep E(K))
and sup,ep E(K)p) = sup,ep |Kp| by (7.2) of Remark 7.38. Then

E(K) > sup |Kp|.
peP

Since the subgroup wtd(K) = P, cp Kp is totally dense in K [65], so

TD(K) < |wtd(K)| = sup | K,|.
p€EP

Consequently F(K) > TD(K). By Lemma 7.33(a) E(K) = ED(K) = TD(K). O

A consequence of this theorem and Remark 7.38 is that for a compact abelian group

K¢P
E(K)=EDK)=TD(K)= sup c¢-py(K)-ry(K).
pEmp(K)

This confirms the idea that the cardinal invariant E(—) is strictly related to the algebraic
structure of the group. Indeed we see that it can be computed in terms of two purely
algebraic cardinal invariants, unlike the behavior of m(—), that is the other cardinal
invariant involved in this section. In fact we have explained in Section 5.1 that the value
of m(—) depends only on the weight and so it has a more topological nature.

Corollary 7.40. If K is a compact abelian group such that K & P, then E(K) > w(K).
Proof. By Theorem 7.39 E(K) = ED(K) and ED(K) > w(K) by Fact 1.57. O
The next theorem motivates Definition 7.28.

Theorem 7.41. For a non-metrizable compact abelian group K the following conditions
are equivalent:

(a) K has a small totally dense subgroup (TD(K) < |K|);
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(b) K has a small essential dense subgroup (ED(K) < |K|);
(¢) K has a small essential subgroup (E(K) < |K]|);
(d) w(K) is a CR-cardinal.

Proof. By Theorem 7.39 (a), (b) and (c) are equivalent.

(a)=-(d) Suppose that TD(K) < |K|. By Theorem 1.61 this implies that w(K) >
w(c(K)) and w(K) > w((K/c(K)),) for every p € P. Then w(K) is a limit and TD(K) =
2<w(K) by Theorem 1.61. Hence 2<%(K) < 2w(K) and Claim 7.29(a) implies that w(K)
is a CR-cardinal.

(d)=-(a) Assume that w(K) is a CR-cardinal. By Claim 7.29(a) w(K) has countable
cofinality and 2<¥(5) < 2w(K) — |K|. In particular w(K) is a limit. By Theorem 1.61
TD(K) = 2<%(K) and so TD(K) < 2@5) = |K]|. O

In the following corollary it is stressed the direct relation between the concept of
being a CR-cardinal and the existence of small subgroups of compact abelian groups,
which are either totally dense, or essential dense, or essential.

Corollary 7.42. Let K be a compact abelian group K with w(K) = k, where K is a
cardinal which is not a strong limit. Then the following conditions are equivalent:

(a) K has a small totally dense pseudocompact subgroup H ;
(b) K has a small essential dense pseudocompact subgroup H ;
(¢) K has a small essential pseudocompact subgroup H ;

(d) K is a CR-cardinal.

If the above conditions hold, H can be chosen of size any k with 2<% < k < 2",

Proof. (a)=(b)=-(c) is obvious.
(¢)=(d) Since E(K) < |K]|, it follows that « is a CR-cardinal by Theorem 7.41.

(d)=(a) By Theorem 7.41 TD(K) < |K|. Since x is not a strong limit, it follows
that m(x) < 2% by Corollary 5.10 together with Claim 7.29(a). Hence m(x) < 2" = |K]|.
Therefore there exist a small totally dense subgroup H of K and a small dense pseudo-
compact subgroup D of K. Consequently H + D is a small totally dense pseudocompact
subgroup of K. O

7.4.3 Independence results

The next proposition is inspired by [15, Theorem 6.2, Theorem 5.8 and Theorem 2.7(d)].
We construct an example of a totally disconnected compact abelian group K such that
TD(K) < |K| and m(w(K)) < |K| and which has the minimal weight it can have:
indeed w(K) has to be uncountable and with countable cofinality and so R, is the
smallest cardinal w(K) can be.



7.4. SMALL ESSENTIAL PSEUDOCOMPACT SUBGROUPS 103

Proposition 7.43. It is consistent with ZFC that there exists a totally disconnected
compact abelian group of weight R, with a small totally dense pseudocompact subgroup.

Proof. We construct a totally disconnected compact abelian group with w(K) = R,
such that TD(K) < |K| and m(R,,) < 2% = |K|. To this end we make use of Easton’s
theorem [41] to provide a model of ZFC with 2% = ¥, for every n € N;. Hence
2<®w = N1, Since cf(Ry, ) = w, and cf(2%) > w by Fact 1.1, it follows that 2<%« <
2% Therefore ¥, is a CR-cardinal by Claim 7.29(a). Let P = {p, : n € N,} and
K =12, Z(pp)¥*. In particular K is a totally disconnected compact abelian group
such that w(K) = sup,ey, ®n = Ry. By Theorem 7.41 TD(K) < |K]|.

Being 2% = N 41 > N, then logR, < R;. Since ¥;¥ < 2% < 2<% it follows
that 2< < R, implies (logR,)* < 2%, This implies m(R,) < |K|, because m(R,) <
(logR,)“ by Fact 5.5(a). Therefore there exist small subgroups Hi, Hs of K such that
H, is totally dense in K and H» is dense pseudocompact in K. Hence H = H; + Hs is
a small totally dense pseudocompact subgroup of K. It is pseudocompact because Ho
is Gs-dense in K by Corollary 2.14 with k = w; then H is Gs-dense in K as well and so
H is dense pseudocompact in K by Corollary 2.14 with £ = w. 0

The next proposition follows from Theorem 7.41 and together with the previous
proposition is the proof of Theorem 7.45.

Proposition 7.44. Under GCH no compact abelian group has a small essential pseu-
docompact subgroup.

Proof. Let H be a small essential subgroup of a compact abelian group K with w(K) = k.
By Corollary 7.40 E(K) > w(K) and so £ < |H| < 2¢ = x*. By Theorem 7.41 & is a
CR-cardinal and then & is a strong limit of countable cofinality. Consequently H cannot
be pseudocompact by Theorem 1.37. ]

Theorem 7.45. ZFC cannot decide whether there exists a totally disconnected compact
abelian group of weight N, with small essential dense pseudocompact subgroups.

Proof. According to Proposition 7.43 it is consistent with ZFC that there exists a totally
disconnected compact abelian group of weight N, with a small essential dense pseudo-
compact subgroup. Moreover under GCH there exists no compact abelian group with
small essential pseudocompact subgroups by Proposition 7.44. ]

The following is Theorem F of the introduction. It is similar to Theorem 7.45 and
its proof is based on the same results. But Theorem 7.45 could be proved also as a
consequence of the fact that ED(K) = TD(K) > w(K) for compact abelian groups K
(see Facts 1.54 and 1.57), while the difficulty in Theorem 7.46 is to consider essential
pseudocompact subgroups which are non-necessarily dense. This more complicated part
is contained in Theorem 7.39, that is in proving that E(K) = ED(K) = TD(K) for
non-metrizable compact abelian groups.

Theorem 7.46. ZFC cannot decide whether there exists a compact abelian group with
small essential pseudocompact subgroups.
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Proof. According to Proposition 7.43 it is consistent with ZFC that there exists a com-
pact abelian group with a small essential pseudocompact subgroup. Moreover under
GCH there exists no compact abelian group with small essential pseudocompact sub-
groups by Proposition 7.44. O

7.5 Open problems

In this section we collect all open problems related to the previous sections of this
chapter.

In Section 7.1 we solve Problem 7.17 in the compact case, but it remains open in
general. It is open also its counterpart for essential subgroups. We collect both in the
following;:

Problem 7.47. Let k be an infinite cardinal.

(a) Describe the r-pseudocompact abelian groups that admit proper dense minimal k-
pseudocompact subgroups.

(a*) Describe the k-pseudocompact abelian groups that admit proper essential dense k-
pseudocompact subgroups.

This problem suggests to consider its counterpart for total minimality and total
density. In fact, in Section 7.2 we give a characterization of compact abelian groups
admitting some proper totally dense x-pseudocompact subgroup, but it is possible to
consider the same question for k-pseudocompact abelian groups. As in Problem 7.47 we
have two parts:

Problem 7.48. Let k be an infinite cardinal.

(b) Describe the k-pseudocompact abelian groups that admit proper dense totally min-
1mal k-pseudocompact subgroups.

(b*) Describe the k-pseudocompact abelian groups that admit proper totally dense k-
pseudocompact subgroups.

The groups considered in (a) are necessarily minimal, and similarly the groups con-
sidered in (b) are necessarily totally minimal. For compact abelian groups (a) coincides
with (a*) and (b) coincides with (b*), and we have a complete description given respec-
tively by Theorems 7.15 and 7.21.

In analogy with Problems 7.47 and 7.48, Theorems 7.22 and 7.24 suggest the follow-
ing:

Problem 7.49. Let k be an infinite cardinal.

(c) Describe the k-pseudocompact abelian groups that admit proper dense minimal sub-
groups.
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(¢*) Describe the k-pseudocompact abelian groups that admit proper essential dense
subgroups.

(d) Describe the k-pseudocompact abelian groups that admit proper totally minimal
subgroups.

(d*) Describe the k-pseudocompact abelian groups that admit proper totally dense sub-
groups.

A problem related to Theorem 7.46 about small essential pseudocompact subgroups
of compact abelian groups is to generalize this theorem for non-necessarily abelian
groups:

Problem 7.50. Can ZFC decide whether there exists a compact group admitting some
small essential pseudocompact subgroups?

The difficulty in doing this is to generalize Proposition 7.44. We think that the answer
to this question is negative, since we have proved that it is negative in the abelian case in
Theorem 7.45. Moreover the answer in negative for totally dense subgroups as shown by
Theorem 7.26. It could be convenient to consider first the case when the small essential
pseudocompact subgroups are requested to be also dense. We study this problem in [28].

Another question related to this topic is the following.

Problem 7.51. For k an infinite cardinal, is it possible to prove the counterpart of
Theorems 7.45 and 7.46 replacing pseudocompact with k-pseudocompact?

To answer this question it is sufficient to prove the counterpart of Proposition 7.43
for k-pseudocompact subgroups. The same question can be posed for Theorems 7.26
and 7.27.
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Ox discrete topology of X, page 7
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II(K) d-spectrum of K, page 46
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™ (K) , page 46

mf(K) , page 46
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[Lic; Xi direct product, page 1

G* product of k many copies of G, page 3
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Q rational numbers, page 2

R real numbers, page 9

r(—) rank, page 4

ro(—) free rank, page 3

rp(—) p-rank, page 4

rankp(—) R-rank , page 4

rankz, Zp-rank, page 4

pp(—) generalized Zy-rank, page 13
sc(K) stable core of K, page 46

>G  Y-product of G, page 3

¥xG  Yg-product of G, page 3

Sy the group [[ ¢, Z(g), where 7 C IP, page 12
supp(—) support, page 3

T circle group, page 9

T»(K) p-component of K, page 13

tp(G) all p-torsion elements of G, page 5
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w(—) weight, page 7
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wsq(—) super divisible weight, page 47
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XY all functions Y — X, page 1

Z integers, page 2

Z(m) finite cyclic group of order m, page 2
Ly, p-adic integers, page 2

Z(p*>) Priifer group, page 2



